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	�����	! "��
# $%�
	 �����
�&�('&��") 
*,+�- ".$%/0���

� +.+�5�=��0ACD0£�1<5�1<N0B �:5,N0B�D
��B�=P£ ���:5,N0D ( � ��*V1PN0B�5,=PB�J �$��� � 1PN0B 1P5,1$*;/�B.D0B�=�£,3�5,7
N
� 5�->/C5�J��

A2D
1PB�=P*,+.1PACD0£ dOH�*,=�1PAC+./CB�E ACD�*,D!B ��1<B�=�D�*,/mH�5,1PB�DL1<AC*,/
v 13254 (r) ( B�� £��&B�/CB.+.1P=P5�D0E�A2D!*�JK5�/CB.+�-0/2BGACD1PN0B -�B�/2�g5;7�1PN0B�D�->+�/CB.A *��0ACE�*�7�-0D0+�1<A25�D�*,/m5;7�1PN0B��0B�D0E�A2143

n(r)

E[n] = G[n] +
e2

4πε0

∫∫

d3rd3r′
n(r)n(r′)

|r− r′| +

∫

d3r v 13254 (r)n(r),
( � � � *

*,D>��1<N0B +�5�=�=PB�+�19£�=�5�-0D0� EI1$*;1PB �0B.D0EPA�143�A2E�1PN0B¢�0B.D0EPA�143�1PN�*;19JKACD>ACJKA ��B.Em1<N0A2E�7�-0D>+.1<A25�D�*,/2��¨4D
1PN0B�*,�¼5­§,B�B �&H0=PB.EPEPA25�D

e
ACE91PN0B�J6*;£�D0A21P-0�0B¢5;7¼1PN0B�B�/CB.+.1P=P5�DK+$N�*,=�£�B��

ε0
ACE91PN0B�H¼B.=PJKA21P1PA2§�A2143

5,7�§;*,+.-0-0J *,D0�«1PN0B67�-0D0+�1<A25�D�*,/
G[n]

ACE�1<N0Bu->D0A2§,B�=PEP*,/ 7�->D0+.1PAC5�D�*;/ 1PN�*;1 £�A�§�B.E�1<N0B6EP-0J
5,7�1<N0B �
A2D0B.1PAC+ZB�D0B.=P£,3 *,D0�¥1PN0B�D05,D��4+./ *,E�EPAC+�*,/�H�*,=�1:5,7O1PN0B�B�/2B�+�1<=P5,D��4B./CB�+�1<=�5�D¥A2D
1PB�=P*,+.1PAC5�D
B.D0B�=�£,3�5,7�B�/2B�+�1<=P5,D0E ��A21<Np�0B.D0EPA�143

n(r)
�1��N0BTE�B�+.5�D0�p1<B�=�J A2E�1<N0B�+�/C*,EPE�AC+�*,/ � 5�->/C5�J��

A2D
1PB�=P*,+.1PAC5�DuB.D0B�=�£,3g*,D0�!1PN0B�/ *,EI1¢1<B.=PJ £,A2§�B.E¢1<N0B�B.D0B�=�£,3!�0-0B¸1P5 1<N0B�B ��1PB�=PD0*,/VH¼5;1<B�DL1PA *,/2�
��N0B�7�-0D0+�1<AC5,D�*,/

G[n]
A2E -0D>A2§�B.=PEP*,/|A2D�1<N>BGEPB.D0EPB:1<N�*;1 £�A2§,B�D!*ZH�*,=I1<AC+./CB�143�H¼B¸*,D0�uH�*;=�1<A2+�/2B �

H�*;=�1<A2+�/2BKA2DL1<B�=P*,+.1PAC5�D A21�ACE�1<N0B6E<*,JKB�7�-0D>+.1<A25�D�*,/O7�5�=�*,/2/ B ��1<B�=�D�*,/ H¼5,1PB�DL1<AC*,/CE ����N>B � � �
1PN0B�5�=�B�J *,/2EP5�*,EPE�-0=PB.E¢-0E 1<N�*;1¿1PN0BG£�=�5�-0D0��E�1<*;1<B�B �&H�B�+.1<*;1<A25�D�§;*,/2-0B�5,7@*,DL3 5�H�B�=P*;1<5,= A2E *
7�-0D>+.1<A25�D�*,/�5,7V1PN0B¸£�=�5�-0D0�6E�1$*�1<B¸�0B.D0EPA�143G�$��� � � ¤TA2D0ACJKA �.ACD0£¸1PN0B¸B�D>B�=P£;3�7�-0D>+.1<A25�D�*,/ � 5�-0/C�
1PN0B�=�B.7�5�=�B�ACD H0=PA2D0+�A2H0/CB £�A2§,B¢1<N0B�E�5�/C->1PAC5�D 5;7¼1PN0B�J6*;D
3 � �¼5��>3�H>=P5��0/2B�J�����N0B�� �!� 1<N0B.5�=PB.J
*,E�EP-0=�B�E�-0E�5;7�1PN0B�B �&A2E�1<B.D0+�B�5;7�1PN0B�-0D��
D05 ��D�7�-0D0+�1<AC5,D�*,/

G[n]
�0->1��05�B�E�D>5,1¢1<B./C/�-0E�N05 �

1P5T5��&1$*,A2D A�1 ��¨ 1�A2EZN>B�=PB 1<N0*;1�A�1ZACE�H�*,=P*,J�5,-0DL1Z1PN�*;1�1<N>BK7�-0D>+.1<A25�D�*,/
G[n]

ACE�-0D>A2§�B.=PEP*,/ �
E�ACD0+.BZA�1¢1<N>B�Dg�¼B.+�5�JKB�E�H0=P*,+.1PAC+
*;/|1<5 �0B�§&A2+�B�*,H0H0=�5 �>A2J6*�1<AC5,D0E 1P5KA�1 �
�¸D0B�+�5�->/C�]*,H0H0=�5��&A2J6*;1PB61<N>Bg7�-0D>+.1<A25�D�*,/ �0AC=�B�+.1P/23«*,D0�4��N05�J�*,E �4)�B.=PJKA 1PN0B�5�=I3p+
*,D

��B�1<N>5�-0£�NL1�5,7 *;E�*uEPH�B�+.A *,/�+
*,E�B 5,7¿EP-0+$N *,D½*,H>H0=P5 �&ACJ�*;1<A25�D�� � H0H0=�5L*,+$N0B.E�*,/C5,D0£61<N>B�EPB
/2ACD0B.E¢-0EP-0*,/C/�36E�-=c|B.=�7�=P5�JeACD�*;+�+�->=<*;1PB¸1<=PB�*;1<JKB�DL1�5,7@1PN0B �
ACD0B�1<AC+�B.D0B�=�£,3!H�*;=�1 � ��5�N0Dg*,D0�
?&N0*,J �$��
 � H0=�5�H¼5,EPB��!A2D0E�1PB
*,�u1P5�EPB.H�*,=P*;1<B¸7�=�5�J�1<N0BG7�->D0+.1PAC5�D�*;/

G
1<N0B ��A2D0B.1PAC+:B�D0B.=P£,3

Ts5,7�D05�D��4ACDL1PB�=<*;+.1<A2D0£ B�/2B�+�1<=P5,D0E ��A21<N��0B.D0EPA�143
n(r)

��A2� B �>1<5 ��=PA�1<B

G[n] = Ts[n] + E 256 [n].
( � � � *

E 276 A2E¿+
*,/2/CB�� 1<N>BGB �&+$N�*;D0£�B � +�5�=�=PB./ *;1PAC5�D (98 � *O7�-0D0+.1PAC5�D0*,/ �9¤TACD0A2J�A ��A2D0£G1<N>BGB�D>B�=P£;3K7�->D0+ �
r"�gwyx>upwyx-{��'x�z�}g����tk�	x*��x-tyx��+�:�[�;:�x-��up{��:t?��u,��{|~��:�pup���"�[x>��t`u'x��+���.u'��{Yt ����upwy{Y� u��"{Yz|~y�������:up�[{�t�}-�



� ���ZFGB�D>EPA2143g)�-0D>+.1<A25�D�*,/6��N0B�5,=�3 �

1PAC5�D�*;/ ->EPACD>£¥1<N0A2E��0B -�D0A�1<AC5,D«5,7
G[n]

�O5,D0B -�D0�>E�1<N�*�1�1<N>BuB �>*,+�1 £�=P5�->D0�«E�1<*;1<B6�0B�D0E�A2143
n(r)

5,7@*,D!*;=P�0A�1<=<*;=�3 ACDL1PB�=<*;+.1<A2D0£ZE�3�E�1PB�J�+�*,Du��BG5��&1$*,A2D0B����
3�*�E�B�/�7 �4+�5,D0EPA2E�1<B.DL1¢EP5,/C->1PAC5�D
5,7�1<N>B���5�N0D�� ?&N�*,J ( �Z?�*¢B�¡
-�*�1<AC5,D0E������ �

(

− ~
2

2m
∇2 +

e2

4πε0

∫

d3r′
n(r′)

|r− r′| + v 276 ([n]; r) + v 132�4 (r)
)

ψi(r) = εiψi(r)
( � ��� *

��N0B.=PB
ε1 ≤ ε2 ≤ . . .

*,D>�
n(r) =

∞
∑

i=1

γi|ψi(r)|2.
( � ��

*

��N0B�5�+�+.-0H�*;1PAC5�D�D
-0J���B�=�E
γi
E<*�1<ACEI7¬3

γi



















= 1 εi < µ,

∈ [0, 1] εi = µ,

= 0 εi > µ,

( � ���3*

��N0B.=PB
µ
�0B�D05;1<B�E�1PN0B�N0AC£�N>B�E�1�5�+�+.-0H0ACB.��EPACD>£�/CB��4H�*,=I1<A2+�/CB:/CB�§�B�/@*;D0�

∞
∑

i=1

γi = N.
( � ��� *

��N0BZB �&+$N�*;D0£�B � +�5�=�=PB./ *;1PAC5�D�H�5,1<B.D
1PA *,/
v 256 ACE�1<N>B�7�->D0+.1PAC5�D�*;/V�0B�=�A2§;*;1<A�§�B�5,7�1<N0BZB �&+$N�*;D0£�B �+.5�=P=�B�/ *�1<AC5,D67�-0D0+�1<AC5,D�*,/

v 276 ([n]; r) =
δE 192�4 ([n]; r)

δn
.

( � ��
3*

��N0B �¢*
§�B�7�->D0+.1PAC5�D0E
ψi
*;=PB�5;7¬1<B�D¥+
*,/2/CB�� �:5�N>D��I?&N0*,J 5�=P�0A�1$*,/2E:� � H�*;=�1G7�=�5�J �¼B.ACD0£�1<N0B

5�=��0A21<*,/CE�1PN�*;1¸J�*��;B�-0H 1PN0B��0B.D0EPA�143¥5;7O1<N0B�EI3�E�1<B.J -0D>�0B�=¸EI1<-0�&33�|1PN0B �Z?T5�=��0A21<*,/CE�N�*
§�B
D05 =�AC£�5�=�5�-0E�H0NL3�EPA2+
*,/VJKB
*;D0ACD0£N�$��� � �

� N�*;1¿1PN0BG*;�¼5­§�B�H0=�5&+.B��0->=PB:*,J�5,-0DL1<EO1<5ZACEO1<N>B�A2DL1<=P5��0-0+�1<A25�D 5,7m*;D6*,- �>A2/CAC*,=�3�E�3�E�1PB�J
5,7�D05�D��4ACDL1PB�=<*;+.1<A2D0£ B�/2B�+�1<=P5,D0E�ACD�*,DgB ��1<B.=PD�*;/VH¼5,1PB�DL1<AC*,/

Vs(r) =
e2

4πε0

∫

d3r′
n(r′)

|r− r′| + v 256 ([n]; r) + v 13254 (r), ( � ��� *

��N0A2+$N N0*,EZ1PN0B E<*,JKB £�=P5,-0D0� E�1$*�1<B �0B�D>EPA2143 *;EZ1PN0B E�3�E�1PB�J 5,7 ACDL1<B.=<*,+�1<ACD>£gB./CB.+.1<=�5�D0EZACD
1PN0B�B ��1<B�=�D�*,/ H¼5;1<B�DL1PA *,/

v 192�4 (r) � �9§,B�D«1<N>5�-0£�N 1<N0B�£�=P5�->D0� EI1$*;1PB6�0B.D0EPA�143 A2E�1<N0B�E<*,JKB��1PN0B�1<5,1<*,/0B�D>B�=P£;3 ACEOD05,1¿1PN0B�E<*,JKB�ACD 1<N0B�1 � 5�EI3&EI1<B.J�E �O¨4D�1<N>B:*;- �&AC/CAC*,=�3ZD05,D��4A2D
1PB�=P*,+.1PACD0£
EI3&EI1<B.J 1PN0B�1P5,1$*;/VB�D0B.=P£,3gACE 
�-0EI1:1PN0BZEP-0J 5,7�1<N0BZB�A2£�B�DL§;*,/C->B�E�5,795�+�+.-0H0ACB.�¥5�=��0A21<*,/CE ���0->1



� F¸)	� £�=�5�-0D0�gE�1<*;1<B

A2Du1<N0B�ACDL1PB�=<*;+.1<A2D0£ E�3�E�1PB�J 1PN0B�1<5,1<*,/mB�D>B�=P£;3�ACE��$��� �

E0 =
∞
∑

i=1

γiεi −
e2

8πε0

∫

d3rd3r′
n(r)n(r′)

|r− r′| + E 276 [n]−
∫

d3r v 276 ([n]; r)n(r).
( � ���3*

��N0B -0D/��D>5 ��D 7�-0D0+�1<A25�D�*,/:ACE6D>5 � 1<N>B 8 � � 7�-0D0+�1<A25�D�*,/
E 256 [n]

*,D0�r1P5�H0=P5�+�B.B�� � B
D0B.B��o1P5 J�*��;B¥*,H>H0=P5 �&ACJ�*;1<A25�D0E�1P5 A�1 � ��N0B.=PBTB �&ACEI16J�*,DL3p�0A c¼B�=�B�DL1�J�B�1<N05��0E 7�5�=�*,H��
H0=�5 �>A2J6*�1<AC5,D0E:� ��N0B�5�/C�0B.E�1G*,D0� JK5�EI1 ��A2�0B�/�3T->EPB��½*;H0H0=P5 �&ACJ�*;1PAC5�D�ACE�1<N>B�/C5�+
*,/V�>B�D0E�A2143
*,H>H0=P5 �&ACJ�*;1<A25�D (2
@F � *�H0=PB.EPB�DL1PB���ACD«?&B�+�1<A25�D � ���3� � �g¤TB�1<N05��0E�1PN�*;1Z1<=I3 1P5¥£�5T�¼B�3�5�D>�
1PN0B 
@F � ACD0+./C-0�0B�D05,D0/C5�+
*,/�JKB.1PN05��0E:�
ACD>+�/C->EPAC5,DK5;7VEPB./27 �4A2DL1<B�=P*,+.1PAC5�D +.5�=P=�B�+�1<AC5,D0E *;D0�6£�=P* �
�0A2B�DL1�B �&H�*,D0E�AC5�D>E:� ��=<*,�0A2B�DL1�+�5�=�=PB�+�1<B.� 7�-0D0+�1<AC5,D�*,/CEZ*,=�B�A2D +.5�JKJ�5�D½-0E�B6A2D +$N0B.J�A2E�1<=I3
�0-&1OEPA2D0+�B � B�*,=PB¢=�B
*,/2/23�D05,1OA2DL1<B�=�B�EI1<B�� A2D +$N0B�JKAC+�*,/0*,+.+�-0=P*,+.3.� B��05�D05;1O£�5¸7�-0=I1<N0B.=91<N�*,D
-0E�ACD0£ 1PN0B�EPACJKH0/2B�E�1 143&H�BZ5,79*;D�
@F � �4*,H0H0=�5 �>A2J6*�1<AC5,D��

��N0B ��5�N0D�� ?&N�*,J B�¡
-�*�1<AC5,D ACEGJ�*,�0B�*,�0EI1<=<*;+.1��L3 �>B -�D0A2D0£!* ��5�N0D�� ?&N�*,J �G*;J�A2/21<5 �
D0AC*,D!�L3

Ĥ ��� = T̂ + V̂ ����� + V̂ 256 + V̂ 132�4 . ( � ����� *

��N0B �:5�N0D��I?&N�*;J B.¡�-0*;1<A25�D ( � ��� *�ACE�1PN0B�D�E�B�B.Dp1P5 �¼BK1<N0B {|r〉} � =PB.H0=PB.EPB�DL1<*;1<A25�D«5,7�1<N>B*,�>E�1<=P*,+.1���5�N0D�� ?&N�*,J�B�¡
-�*;1PAC5�D

Ĥ ��� |ψi〉 = εi |ψi〉 .
( � ��� � *

��N0A2E¢7�5�=PJ�5,7�1PN0B�B�¡
-�*;1PAC5�D ��A2/C/|��B�-0EPB�7�-0/VACD�/C*;1<B.=�J6*,D>ACH0-0/C*;1<A25�D0E �

��N0B.=PBT*,=PB!E�-0�>1</2B�ACEPE�-0B�E =�B�£L*,=��0ACD>£½1PN0B!�05�J�*,A2D�5,7:1PN0B!7�-0D0+�1<AC5,D�*,/CE�*,D0�p1<N0B.AC= B �
�
*,+�1Z�0B -�D>A21<A25�D�� ��N0BK�0B.D0EPA�143 N�*,EZ5,7 +�5�-0=�EPB 1<5g�¼B H�5�EPA�1<A�§�B��V�>->1ZD05,1�*,/C/�H¼5�E�A21PA2§�B�7�->D0+ �
1PAC5�D0E:*,=�B�£�=�5�-0D0�¥E�1$*�1<B�E:5,7OE�5�J�B �G*,JKAC/�1<5�D>A *,D�� )�-0D0+�1<AC5,D0E:1PN�*;1G*,=PB�*�£�=�5�-0D0�TE�1$*�1<B�5;7
E�5�J�B �:*,JKAC/21P5�D0AC*,D«*,=�B!+
*,/2/CB.�

v
X.���.VK���7� ����
+�H#`%�� ��?&ACD0+.B�D05,1K*,/2/¢H�5�EPA�1<A2§,B67�-0D0+�1<A25�D0EK*,=PB

v
�4=�B�H0=�B�E�B�DL1$*,�>/CBK5�D0B N�*,E�1<5T*,E�� A�7¢5�D>BK+�*,D B ��1<B�D>� 1<N0BK�05,J6*,A2D 5,7 1PN0B 7�-0D0+.1PAC5�D0*,/CE¸1P5
D05,D

v
� =PB.H0=PB.EPB�DL1<*,�0/CB�7�->D0+.1PAC5�D0E � ��N0B�E�B�*;=PB�1 � 5!B �>*,JKH0/CB.E�5,7O1<N>B�EPB E�-0�>1</2B�H�5�ACDL1<E:1<N�*;1

*,=�ACE�B ��N0B�D�5�D>B�EPB�B �
E�1P5 J6* �,B�F¸)�� JK5�=PB:=PAC£,5�=P5�->E:��� B!��AC/2/¼D05;1�£�5 ACDL1P5�1<N0B.EPB��0B�1$*,A2/CE
�0-&1�=PB.7�B.=�1<N0B�ACDL1PB�=PB.E�1PB��¥=�B
*,�>B�=�1<5 1<N>BZ��5�53�65,7�FG=�B�A �./CB.=�*,D0� ��=�5�EPEA�$��� � �



� ���ZFGB�D>EPA2143g)�-0D>+.1<A25�D�*,/6��N0B�5,=�3 


������� � ���
	������ "���� 	��	� / $�

�����
����� /� ".$%/0���

��N0B�/25&+�*,/��0B�D0E�A2143u*,H0H0=�5��&A2J6*;1PAC5�D (2
@F � *���*�+�5�JKJ�5,D0/23K*,H>H0/CA2B��!*,H>H0=P5 �&ACJ�*;1<A25�D�1P5 1<N0B
8 � � 7�-0D0+.1PAC5�D0*,/ �&ACE��0B -�D0B��T�L3

E �����276 [n] =

∫ � 3r n(r)ε 276 (n(r)),
( � ��� � *

��N0B.=PB
ε 276 A2E:1<N>B�B �&+$N�*;D0£�B *,D>� +�5�=�=PB./ *;1PAC5�DgB�D0B.=P£,3gH�B�=:H�*,=�1PAC+./CBZ5,7¿*�->D0A27�5�=�JXB�/2B�+.1P=P5�D

£L*;E�5,7��>B�D0E�A2143
n
�$��N>B�+.5�=P=�B�EPH�5�D0�>ACD0£ 8 � �4H�5,1PB�DL1<AC*,/m��B�+�5,J�B.E

v �����256 ([n]; r) =
∂(nε 276 (n))

∂n

∣

∣

∣

∣

n→n(r)

.
( � ����� *

��N0B�/C5�+
*,/V�0B.D0EPA�143T*,H0H0=�5��&A2J6*;1PAC5�Dg*,JK5�-0DL1PE:1<5�*,E�EP-0JKACD0£K1<N�*�1:1PN0B 8 � � B�D0B.=P£,3g5,7¿*
D05,D��4-0D>A27�5�=�J�E�3�E�1PB�J +�*,D!�¼BG5��>1$*;ACD0B.�!�
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Ĥ
ACE�* ��B�=PJKA21PA *,D¥5�H¼B.=<*;1P5�=:�VA2DL1<5�*!J6*�1<=PA$� B.¡
-�*;1<A25�D½�L3 B �&H�*,D>EPAC5,D A2D½*��0*,EPA2E:�


@*;1PB�= � B ��AC/2/9EPB�1�1<N>B�5�H�B�=P*;1<5,=
Ĥ
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〈gµ(ζµ,k)| Û � � 6�� (Rα) |gν(ζν,l)〉 .
( � ��
'
3*

��N0B�+�/C*,EPE�AC+
*;/0H�*,=I1 5;7¼1PN0B:B./CB.+.1<=�5�D�� B�/CB.+.1P=P5�D ACDL1PB�=<*;+.1<A25�D ACE¿�0B.EP+.=PAC��B��K�L3 1<N0B �G*;=�1<=�B�B
5�H�B�=P*;1<5,=

V � ��� (r) =
e2

4πε0

∫

d3r′
n(r′)

|r− r′| .
( � ��
#� *

� EPEP->J�A2D0£ ��B�=�5K1PB�JKH¼B.=<*;1P-0=PB¸1PN0B�B�/2B�+.1P=P5�D��0B.D0EPA�143�ACE�£�A�§�B.DT�L3

n(r) =
∑

i, ��696
|ψi(r)|2 ,

( � ��
#� *



� ��� �¸�>1$*,A2D0ACD>£�1<N0B	��5�N0D�� ?&N�*,J ¤T*;1<=�A�� ���

��N0A2+$Ng1PN0=P5,-0£�N�B �&H�*,D>EPAC5,D ( � � � � * �¼B.+�5�JKB�E

n(r) =
∑

i, �5696

∑

λσ

cλ,icσ,iφλ(r)φσ(r),
( � ���!� *

��N0B.=PB�� B�N0*­§,B�-0E�B�� 1<N>B�7 *,+�1:1PN�*;1�1<N0B�B �&H�*,D0E�AC5�D¥+�5�B �K+�A2B�DL1<E�*;D0� ��*,E�ACE�B�/2B�JKB�DL1<EG*,=PB
=�B
*,/2����N0B:J6*;1P=PA$� B�/2B�JKB�DL1<E 5,7

V̂ � ���
+
*;D6�L3K-0EPB:5,7m1<N>B:+.5�DL1<=<*;+.1<A25�D�1PN0B�=�B.7�5�=�BG��B+��=�A21�1<B�D

A2Du1<B�=�J�E�5,7�H0=�ACJKA21<A�§�B �¢*,=�1PB�EPAC*,D �Z*,->EPEPAC*,D0E�*,E

〈φµ| V̂ � ��� |φν〉 =
∑

i, ��6 6

∑

λσ

cλ,icσ,i

Nµ
∑

k=1

Nν
∑

l=1

Nλ
∑

m=1

Nσ
∑

n=1

dµ,kdν,ldλ,mdσ,n

× 〈gµ(ζµ,k)gν(ζν,l)| |gλ(ζλ,m)gσ(ζσ,n)〉 ,

( � ��� � *

��N0B.=PB � B�N�*
§,B�A2D
1P=P5��0-0+.B��!1<N0B���*,-0E�EPA *;DgB./CB.+.1<=�5�Dg=PB�H>-0/CE�AC5�D�ACDL1PB�£�=P*,/$( ����¨ *

〈gµ(ζµ,k)gν(ζν,l)| |gλ(ζλ,m)gσ(ζσ,n)〉 =

e2

4πε0

∫∫

d3rd3r′
gµ(ζµ,k, r)gν(ζν,l, r)gλ(ζλ,m, r

′)gσ(ζσ,n, r
′)

|r− r′| .

( � ��� � *

� 3uACDL1<=�5&�0->+.1<A25�D!5,7�* �0B�D0E�A2143 �4J�*;1P=PA��

Pλσ =
∑

i, �5696
cλ,icσ,i,

( � ���!� *

1PN0B�J6*;1P=PA$�uB./CB�JKB�DL1�A2E�=PB��>-0+�B.�T1<5

〈φµ| V̂ � ��� |φν〉 =
∑

λσ

Pλσ

Nµ
∑

k=1

Nν
∑

l=1

Nλ
∑

m=1

Nσ
∑

n=1

dµ,kdν,ldλ,mdσ,n

× 〈gµ(αµ,k)gν(αν,l)| |gλ(αλ,m)gσ(ασ,n)〉 .

( � ��� 

*

� B¢N�*
§�B�EP5¸7 *;=�J�*,D�*,£�B.��1<5¸=�B��0->+�B�1<N0B -�=PEI1O1<N0=�B�B 1PB�=PJKE95,7�1PN0B �:5,N0D��I?�N�*,J`J�*;1P=PA��
1P5�* E�-0JX5,7�J6*;1P=PA$�uB./CB�JKB�DL1PE�5;7�H0=�ACJKA21PA2§�B �Z*,->EPEPAC*,D0E ��N0A2+$N���*,E�� 5­3�E:N0*,�TE�N05 ��D���+
*,D
��B��05�D0Bg*,D�*;/23
1<A2+
*,/2/233� ¨4D0E�1PB
*,�]5,7:�05�ACD>£½1PN0B�ACDL1<B.£�=<*;/CE �0A2=PB�+�1</�3 1<N>BgJ�*;1P=PA��«B�/2B�JKB�DL1<E
*,=�BG5��&1$*,A2D0B�� ��A21<N6=PB�+.-0=PE�A2§,B¸=PB./ *;1PAC5�D0E¿�L3 ���0*,=<*�*;D0��?>*,A���*!� � 
 � ��N0AC+$Nu*,=PB:=PB.§�A2B � B���ACD
� H0H¼B.D0�0A$� � �

��N0B�=PB.J6*,A2D0ACD>£G1<B.=PJlA2D 1PN0B ��? �4J�*;1<=�A���ACEO1<N>B 8 � � H¼5;1<B�DL1PA *,/2�	��N0A2E¿H¼5,1PB�DL1<AC*,/0A2E ->EP-��
*,/2/236¡�->A21<B�*�+.5�J�H>/CAC+�*;1<B.�!7�-0D0+.1PAC5�DT5,791PN0B��0B.D0EPA�143 (�1<N>B�/CB�*,�0A2D0£K1PB�=�JXACE�1<N0B��0B�D0E�A2143�1<5
H�5 � B.=:5�D>BZ1PN0AC=�� *¢*,D0�¥*KEI1<=<*;AC£�NL1P7�5,=9� *,=P�gACD0E�B�=I1<AC5,Dg5;7�1<N>B�B �>H0*,D0EPA25�D¥5;7�1<N>BZ�>B�D0E�A2143gACD



� � F¸)	� £�=�5�-0D0�gE�1<*;1<B

1PN0B���*,EPA2EOB�/2B�JKB�DL1<E$��AC/2/0/CB�*,� 1<5�H�5 � B�=�E 5;7m/ *;=P£�B¢E�-0JKE ��N>AC+$Nu*;=PB�D05,1 B�*,EPA2/23�1P=PB�*;1<B.���9¨4D��
EI1<B
*;���LH¼B.5�H0/2B 5,7¬1PB�D B�A�1<N0B.=9�05¸1PN0B¢ACDL1PB�£�=P*;1<A25�D�D
-0JKB�=�AC+
*;/C/23�5,=9B �&H�*,D>� 1PN0B�8 � � H¼5,1PB�DL1<AC*,/
A2Du*,D�*,- �>A2/CAC*,=�3 �0*,EPA2E:�¿8:B.A21PN0B�= 5,7V1<N0B.EPB�JKB.1PN05&�>E¢*,=�B¸AC�0B�*,/	( D05 JKB.1PN05��uACE'* �
1<N0BG7�5,=PJKB�=
+�*,D¥E�-=c|B.=:7�=�5�JXD
-0J�B.=PA2+
*,/@D05�A2EPB�*,D0�T�¼BZ1<ACJKB�+�5�D>EP-0JKACD0£/��¨4DT1<N>B�/ *�1P1<B.=�5�D0B�D>B�B��>E:1<5
A2D
1P=P5��0-0+.Bu*,D�*;- �&AC/CAC*,=�3 ��*,EPA2E��0-&1�JKAC£�NL1�E�1<A2/C/ON�*
§,Bu1<5 �05¥�0A �K+�->/21�ACDL1<B.£�=<*,/2E:�g¨4�0B
*;/C/23��
5�D>B!� 5�->/C��/CA��,BG1P5K�>5 1PN0B 8 � �4J�*;1P=PA��6B�/2B�JKB�DL1<E�*;D�*,/23
1PAC+
*;/C/23K*;E�*,/C/�1<N0B�5,1PN0B�=�B./CB�JKB�DL1PE:�
��N0A2E +
*,Do*,+.1P-�*,/C/�3���Bg�>5�D0Bg�
3 -0E�ACD0£ J�*;1<=�A���J�*,D0A2H0-0/C*;1<A25�D0E:�¿�0B.EP+.=PAC��B��]ACDp1<N0BgD0B �&1
E�-0�0EPB.+.1PAC5�D�� ��N>AC+$N«5�D>/23 =PB.¡�->AC=PB�ACDL1<B.£�=<*;/CEZ5,7�H0=PA2J�A�1<A�§�B �Z*;-0EPE�A *,D0E ��� BuN�*
§�B�1<N0B.=PB��L3
J�*,D�*,£,B�� 1<5�5��&1$*,A2D 1<N0B �Z?
�4J�*;1P=PA��T�L3½*,D0*,/23
1<A2+
*,/�JKB.1<N>5&�0E��L3 1PN0B -0EPB 5,7 +�5,D
1P=<*,+�1<B.�
��*,-0E�EPA *;D0E:�

�����&��� ����/0# � � ��	�	�� 	 $����&#

��N0B £�=�AC��� 7�=PB�BOJKB.1PN05��Z�>B�EP+.=PA2�¼B.��N0B.=PB �¢*,E�*,�>§,5&+�*;1<B.��A2D � � � ���L3��|N0B�D0£:*,D0� � /2J�/ �,7K� � � �
*,D>�g/C*;1<B.=¢1$*��;B�Dg-0Hg�
3 � B�=P£,N05�/C�<��
 �	%��6� � � � �$� B ��A2/C/¼�¼B.£�ACD!�L3��0A2EP+�->EPEPA2D0£ 1<N0B�JKB.1<N>5&�
£�B.D0B�=P*,/C/�3u*;D0�TB.D0� ��A21<N!1PN0B�EPH�B�+�A�-�+�+
*,E�B�5;7�5�->=���*,EPA2E:�

� E�EP-0JKB � B � *,DL1�1P5�+�*,/C+.-0/ *�1<B¸J�*;1<=�A��6B�/2B�JKB�DL1<E�5,7�1<N0B�7�5�=�J

〈χµ| f(n̂)|χν〉 =

∫

d3r χµ(r)f(n(r))χν(r)
( � ��� �3*

��N0B.=PB
f
ACE�*,DL3u7�-0D>+.1<A25�D�5,7

n
�07�5�=�B �>*,J�H>/CB¸1<N>B�?�/ *;1PB�=�8

α
�4H�5,1PB�DL1<AC*,/

f(n(r)) = v � α(r) = −3
e2

4πε0
α

(

3n(r)

8π

)1/3

,
( � ���!� *

*,D>��1PN0B �,B�1<E {|χ〉} +
*;DT��B�/25�D0£�1<5K*,DL3�+.5�J�H>/CB.1PB¸��*,E�ACE �
��N0A2D��u5,7�1<N0B��0B.D0EPA�143�*,E�* J�-0/�1<ACH>/CAC+�*;1<A�§�B�5�H�B�=<*�1<5�= �0EP-0+$Ng1<N�*�1

Mµν [n] = 〈χµ|n̂|χν〉 =

∫

d3r χµ(r)n(r)χν(r).
( � ��� 
3*

8�5,1<Bu1PN�*;1 1<N0B�J�*;1<=�A�� 5,7:�0B�D0E�A2143
M

ACE D05,1 1PN0B�E<*,JKB!1<N0A2D0£ *,E 1<N0B��0B.D0EPA�143�J�*;1<=�A��6�
��=<*,D>E�7�5�=�J�A2D0£�5�-0=���*,E�ACEZACDL1<5T*,D 5�=�1PN05�£�5�D0*,/O��*,E�ACE ��A21<N *g1P=<*,D>E�7�5�=�J6*;1PAC5�D J�*;1P=PA��

X
�

EP*;1<A2E�7¬3�ACD0£
X†SX = 1,

( � ���!� *



� ��� �¸�>1$*,A2D0ACD>£�1<N0B	��5�N0D�� ?&N�*,J ¤T*;1<=�A�� � �

1PN0B�J6*;1P=PA$�u5,7��0B.D0EPA�143u1<=P*,D0E�7�5,=PJKE�*,E

M̃ [n] = X†M [n]X.
( � ���!� *

¨4D�1<N0B�5,=�1<N>5�£�5�D�*;/m��*,E�ACE
M̃

A2E��0A *;£�5�D�*,/2A �.B��u�L3�* -0D0A�1$*,=I3uJ�*;1<=�A��
U
��EP-0+$Ng1<N�*;1

M̃ [n] = UΛU †,
( � ��� � *

��N0B.=PB
Λ
ACE�* �0AC*,£�5�D�*;/|J�*;1<=�A��65,7�B.AC£�B.DL§,*;/C-0B.E�5;7

M̃
� � 3uE�1$*;D0��*,=��T/2ACD0B�*,=�*,/2£�B��0=P*��

f(M̃ [n]) = Uf(Λ)U †.
( � ����� *

��=<*,D>E�7�5�=�J�A2D0£ ��*,+ �61P5 1<N0B�5�=�AC£�A2D�*,/|�0*,EPA2E � BZ5��>1<*,ACD

f(M [n]) = SXUf(Λ)(SXU)†
( � ��� � *

��N0B.=PB � B�N�*
§,B�-0E�B��g1<N�*;1
S† = S

*;D0�!7�=P5�J ( � ���!� * 1PN�*;1

X−1 = X†S.
( � ��� � *

8�5 � ��5,D0B¥+�*,DrEPN>5 � ( *,EPE�-0J�A2D0£ 1PN�*;1
f
+�*,Dr��B���=PA�1P1PB�D *,E6*1��*
3&/25�=6E�B�=�ACB�E ��+.7 � � H��

H�B�D0�>A�� � *¢1PN�*;1�E�ACD0+.B�1PN0B���*,E�ACE�ACE�+.5�J�H>/CB.1PB

M [f(n)] = f(M [n]),
( � ���!
 *

*,D>� � BZ5��>1$*;ACD!5�-0= -�D0*,/m=PB.EP-0/�1

M [f(n)] = SXUf(Λ)(SXU)†.
( � ���#�3*

¨4D 1<N0B�*,��5­§�B��0B.=PA�§,*�1<AC5,D.� B�N�*
§,B:5,7¬1PB�D -0E�B�� 1<N0B�7 *,+�1O1<N�*�191<N0B���*;EPACE�ACEO+�5,J�H0/2B.1PB���¨4D
JK5�/CB.+�-0/C*,= B�/CB.+.1P=P5�D0A2+GEI1<=P->+.1<->=PB�+
*,/2+�-0/C*;1<A25�D0E¿1<N0BG��*,EPA2E�EPB�1<E�-0E�B��g*,=PB�->EP-�*,/2/23KB�E�H¼B.+�AC*,/C/�3
J�*,�0BZ1<5u�0B.EP+.=PAC��B�1<N>B�B�/2B�+.1P=P5�D>AC+�EI1<=�-0+.1P-0=PB 5,7O1PN0B JK5�/CB.+�-0/2B�E:*,D0� 1<N>B�=PB A2EGD05 �$VK�:�'���:�
=�B
*,E�5�D¥7�5�=�1<N0B.JX1<56��B�*;/CEP5�£�5�5&�gACDg1<N0B�*,�¼5­§,B�J�*,D0ACH>-0/ *;1PAC5�D>E:� ���&H¼B.=PA2B�D0+.B��mN05 � B.§,B�=:�
E�N05 ��E�1PN�*;1�£�5�5&�!=�B�E�-0/21PE:*;=PB�5��>1<*,ACD0B.��-0EPA2D0£ 1<N0B�E<*;J�B���*;EPACE�E�B.1PE$� � �/� �!� � �O¨4D�1<N>BZ+�*,EPB
5,7 *u+.5�DL1<=P*,+.1PB�� ��*,E�ACE¸E�B.1�A�1G+�*,D½�¼B *;�>§;*,DL1$*,£�B.5�-0EG1P5u-0D0+.5�DL1<=P*,+.1�A�1�*,D0� +�*,=P=I3¥5,D 1<N0B

��s�t�~y�'��t�����~���x*u'wyxmz��:up�'�[��x-}����pxm��t ��ty� u'x �T��wy���+wo�[}�ty{�u6upwyx ���Y}Zx �[tA}Zu'��t��y�:�+�k���[tyx��:�������Yx��y�+�����y� u ��t~y�+���.u'�[��x�u'wyx��k�:�'x up�'�yt����:upx��H�



� � F¸)	� £�=�5�-0D0�gE�1<*;1<B

J�*;1<=�A���J�*,D0ACH>-0/ *;1PAC5�D>E A2D�1PN0B�-0D0+.5�DL1<=P*,+.1PB��g��*,EPA2E:� � 1�1<N>BZB.D0��5,7�1<N0B�+
*;/C+�->/ *;1PAC5�D0E 5�D0B
+.5�DL1<=<*;+.1<E 1PN0B!��*,E�ACEK*,£L*,A2D 1<5½5��&1$*,A2D«1<N0B�+�5,=P=PB.+.1KJ�*;1<=�A�� B�/CB.J�B.DL1<EN��� � � � ��N0ACE A2E�1<N0B
=�5�->1<B!� BZN�*
§�BZ+$N05�EPB.DT1P5 7�5,/C/C5 � �

¨4D�1<N0B�-0D0+.5�DL1<=P*,+.1PB��¥�0*,EPA2E¢1<N0B�B�/2B�JKB�DL1<E�5,7�1<N>BZJ�*;1P=PA��65,7��0B�D>EPA2143!*,=PB
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1<5!��5,1<N½EPA2�0B�E�5;7

1PN0B�EP5�/2->1<A25�D5( �/���3*
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dx′G0(x, x
′; k)V (x′)ψk(x
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dp V (k′ − p)G0(p;E)T (p, k).
( ��� � � *

� B�N�*
§,B *,/CE�5!*,E�EP-0JKB��¥1PN�*;1:1<N0B�H�5,1PB�DL1<AC*,/
V
ACE�/C5�+
*,/�*,D>� A21PE¸)�5�-0=�ACB�=�1P=<*,D0EI7�5�=PJ �05�B�E

1PN�->E�5,D0/23!�>B�H�B�D0�g5�D�1<N0B��0A c|B.=PB�D>+�BZ5,7�1PN0B�J�5,J�B.D
1<*/�$��N0B�1<=P*,D0E�J�A2EPEPA25�Dg*,JKH0/CA�1<-0�0B:ACE
=�B�/ *�1<B��!1P5 1PN0B�5�D�� EPN0B./C/mJ�*;1<=�A��6B�/2B�JKB�DL1<E�5,7�1<N0B

T
�4J�*;1P=PA��K1PN0=P5�->£�N

t = 1 + f(k ← k) = 1− im2π

~2k
T (k, k).

( �/���!� *

� � �&� � ���
	
T
�� "�$ ��/ � "���# $���	�� 	 � $�" � - ��� $%/0��� �,�.$%	��)$%/�"��

¨4D�1<N0BZ+
*;EPB�5;7O* �0B�/�1$*�7�-0D0+�1<AC5,DTH�5,1<B.DL1<A *;/m1<N0BZACDL1<B.£�=<*;/VB�¡
-�*;1PAC5�D�7�5�=�1<N0B
T
�4J�*;1<=�A��6+
*,D

��B�EP5�/�§�B.� *,D�*;/23
1<A2+
*,/2/233�)��N0BZ)�5�-0=�ACB�=¢1P=<*,D>E�7�5�=�J�5,7�1<N0B�H�5,1<B.DL1<A *;/

V (k′, k) =
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ϕm(z) =
1

√

km(E)
eikm(E)z

(

δnm+

1

2i

∑

m′

∫

dz′
1

√

km(E)
e−ikm(E)z′Vmm′(z′)ϕm′(z′)

)

.
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ψ+
nE(r) =

∑

m, � ��� �

tmnφ
+
RmE(r)

( �/����� *
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r ∈ R �/��N0B.=PB

tmn = δmn +
1

2i

∑

m′

∫

dz′
1

√

km(E)
e−ikm(E)z′Vmm′(z′)ϕm′(z′).
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ψ+
nE(r) = φ+

LnE(r) +
∑

m, � � � �

rmnφ
−
LmE(r)
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rmn =
1

2i

∑

m′

∫

dz′
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√

km(E)
e−ikm(E)z′Vmm′(z′)ϕm′(z′).
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tmn = δmn +
m

i~2

∫

d3r′
1

√

km(E)
e−ikm(E)z′χ∗

m(r′⊥)V (r′)
∑

m′

ϕm′(z′)χm′(r′⊥)

= δmn +
m

i~2
〈mkm|V̂ |ψ+

nE〉,
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ψ+
nE(r) =

∑

m

ϕ0
mE(z)χm(r⊥) +

∑

m,m′

∫

dz′G0
mE(z, z′)Vmm′(z′)ϕm′E(z′)χm(r⊥)

= φ+
nE(r) +

∫

d3r′G0(r, r
′;E)V (r′)ψ+

nE(r′)
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2m

~2

∑

m

χ∗
m(r⊥)G0

mE(z, z′)χm(r′⊥).
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〈mk′|T̂ |nk〉 = 〈mk′|V̂ |ψ+
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T̂ = V̂ + V̂ Ĝ0(E)T̂ ,
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〈mk|T̂ |nkn〉 = 〈mk|V̂ |nkn〉+
∑

l

∫

dq
q2

(2π)2
〈mk|V̂ |lq〉G0

l (q;E)〈lq|T̂ |nkn〉
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1̂ =
∑

l

∫

dq
|q|
2π
|lq〉 〈lq| , ( �/������� *
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〈lq| Ĝ0(E) |l′q′〉 = 〈lq| 1

E − Ĥ0 + iη
|l′q′〉 =

1

E − ~2q2

2m
− εl + iη

〈lq|l′q′〉

=
2m

~2

1

k2
l − q2 + iη

δll′
2π

|q|δ(q − q
′) = G0

l (q;E)δll′δ(q − q′).

( �/� � � � *

��B�D0+.B�1PN0B
T
�4J�*;1<=�A��6E<*;1PACE9-0B�E

Tmn(k, kn) = Vmn(k, kn) +
m

π~2

∑

l

∫

dq |q|Vml(k, q)Tln(q, kn)

k2
l − q2 + iη

.
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Ĝ2
���0->1!+./C5�E�BT1P5 1<N0B¥=PB�E�5�D�*,D>+�B

E → E0
�:*;EPEP->J�Bg1<N�*;161<N0B

+.5�DL1<=PA2�0->1PAC5�D!5,7�1<N>BZ��5�-0D>�TEI1$*;1PB
Φ0

�05�JKACD0*;1<B.E�EP-0+$Ng1<N�*;1
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〈gµ(ζµ)gλ(ζλ,m)gσ(ζσ,n)gν(ζν)〉 =

∫

d3r gµ(ζµ, r)gλ(ζλ,m, r)gσ(ζσ,n, r)gν(ζν, r).
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g̃(r; ζa, a,A) = (x− Ax)
ax(y − Ay)

ay(z − Az)
az exp[−ζa(r−A)2]
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r = (x, y, z)
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a = (ax, ay, az).
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N (ζa, a) =

(

2ζa
π

)3/4

(4ζa)
(ax+ay+az)/2 [(2ax − 1)!!(2ay − 1)!!(2az − 1)!!]−1/2 .
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ax
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ay
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1i = (δix, δiy, δiz), i = x, y, z
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1i+1j (i, j = x, y, z)
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〈abcd〉 =

∫

d3r g̃(r; ζa, a,A)g̃(r; ζb,b,B)g̃(r; ζc, c,C)g̃(r; ζd,d,D).
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g̃(r; ζa, a + 1i,A) =
1

2ζa

∂

∂Ai
g̃(r; ζa, a,A) +

Ni(a)

2ζa
g̃(r; ζa, a− 1i,A),

( � ��� *
N0B.D0+�B

〈a + 1i,bcd〉 =
1

2ζA

∂

∂Ai
〈abcd〉 + Ni(a)

2ζa
〈a− 1i,bcd〉 . ( � � 
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〈abcd〉 =

∫

d3r (x−Ax)ax(y−Ay)
ay · · · (z−Dz)

dz exp[−ζa(r−A)2] · · · exp[−ζd(r−D)2].
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exp[−ζa(r−A)2] exp[−ζb(r−B)2] = exp[−ξ(A−B)2] exp[−ζ(r−P)2],
( � ��� *

��N0B.=PB
ξ =

ζaζb
ζa + ζb

, ζ = ζa + ζb
*;D0�

P =
ζaA + ζbB

ζa + ζb
,
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〈abcd〉 = κabcdIx(axbxcxdx)Iy(aybycydy)Iz(azbzczdz).
( � ��� � *

��N0B�H0=�B.7 *,+�1<5�=
κabcd
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κabcd = exp[−ξ(A−B)2] exp[−λ(C−D)2] exp[−ρ(P−Q)2]
( � ��� � *

��N0B.=PB

λ =
ζcζd
ζc + ζd

, ρ =
ζη

ζ + η
, η = ζc + ζd, Q =

ζcC + ζdD

ζc + ζd

( � ����� *
*,D>�

W =
ζP + ηQ

ζ + η
=
ζaA + ζbB + ζcC + ζdD

ζa + ζb + ζc + ζd
.
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3

Ix(axbxcxdx) =
∫

dx (x− Ax)
ax(x− Bx)

bx(x− Cx)
cx(x−Dx)

dx exp[−(ζ + η)(x−Wx)
2],

( � �����3*
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(a+ b)n =

n
∑

k=0

(

n

k

)

akbn−k,
( � ����� *

1PN0B�ACDL1<B.£�=<*,/¼1<=<*;D0E�7�5�=�J�E�A2DL1<5

Ix(axbxcxdx) =

ax
∑

kax=0

bx
∑

kbx=0

cx
∑

kcx=0

dx
∑

kdx=0

(

ax

kax

)(

bx
kbx

)(

cx
kcx

)(

dx

kdx

)

× (Wx − Ax)
ax−kax(Wx − Bx)

bx−kbx (Wx − Cx)
cx−kcx(Wx −Dx)

dx−kdx

×
∫ ∞

−∞
dx xkax+kbx+kcx+kdx exp[−(ζ + η)x2].
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3*

��N0B�ACDL1<B.£�=<*,D>� ACEG5��0� ��N0B.D
kax + kbx + kcx + kdx
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��=<*,�>EPNL1<B�3&DT*,D0� ��3 �.N0A7�G���!� � H0=P5­§�AC�>BZ->E ��A�1<N

∫ ∞

0

dx x2n exp(−px2) =
(2n− 1)!!

2(2p)n

√

π

p
, (p > 0, n = 0, 1, 2, . . .),

( � ����� *

*,D>�gN>B�D0+.BZ1PN0B�ACDL1<B.£�=<*,/|�¼B.+�5�JKB�E

Ix(axbxcxdx) =

√

π

ζ + η

ax
∑

kax=0

bx
∑

kbx=0

cx
∑

kcx=0

dx
∑

kdx=0

kax+kbx+kcx+kdx= 1 �01 �

(

ax

kax

)(

bx
kbx

)(

cx
kcx

)(

dx

kdx

)

× (Wx − Ax)
ax−kax(Wx − Bx)

bx−kbx (Wx − Cx)
cx−kcx(Wx −Dx)

dx−kdx

× (kax + kbx + kcx + kdx − 1)!!

[2(ζ + η)](kax+kbx+kcx+kdx)/2
.

( � ����� *

8�5,1<BG1PN�*;1 � B�N�*
§�B�D05 � *,+.1P-�*,/2/23K+
*,/2+�-0/C*;1<B.�u1<N0B:7�5�-0=¢+.B�DL1<B.=�A2DL1<B�£,=<*,/|*,D�*,/�3�1PAC+�*,/C/�33� � B
��A2/C/OD05,1�-0EPB�1<N0A2E�=PB.EP-0/�1��0A2=PB.+.1</�3 1<N05,-0£�N��9�>->1�7�5�=Z5��>1<*,ACD0A2D0£�1<N0Bu�>B�=PA�§;*;1<A�§�BKACD �O¡
-�* �
1PAC5�D5( � ��� * �



� � � ��B�+�->=PEPA�§�B���B./ *;1PAC5�D>E 
 �

FGA c|B.=PB�DL1PA *;1PAC5�D 5,7 �O¡
-�*;1<A25�D ( � � � � * ��A21<N½=�B�EPH�B�+�1�1P5
Ai

/CB�*,�0E�1<5!1 � 5g1PB�=PJKE:� �¸D0B
� B�=�B�� B��0A c¼B�=�B�DL1<AC*;1<B

κ

1

2ζa

∂κabcd

∂Ai
=

(

ζaAi + ζbBi + ζcCi + ζdDi

ζ + η
− Ai

)

κabcd = (Wi − Ai)κabcd
( � � � � *

*,D>� 1PN0Bp5,1<N>B�=½ACD0+./C-0�>B�E 1<N>B �>B�=PA�§;*;1<A�§�Bp5,7
Ii

��N0A2+$NjA2E 5,�>1$*,A2D0B�� �L3h-0E�B]5;7��O¡
-�* �
1PAC5�D5( � ����� *
	

1

2ζa

∂Ii
∂Ai

=

(

1

2(ζ + η)
− 1

2ζa

)

Ni(a)Ii(ai − 1, bicidi)

+
1

2(ζ + η)
[Ni(b)Ii(ai, bi − 1, cidi) +Ni(c)Ii(aibi, ci − 1, di)]

+
1

2(ζ + η)
[Ni(d)Ii(aibici, di − 1)] .

( � � � � *

� 3 +.5�J��0A2D0ACD0£ �O¡�-0*;1<A25�D0E ( � ��
3* � ( � � � � *Z*,D0� ( � � � � *!� B�-0D�*,/C/�3½5��>1<*,ACD 5�-0=�=�B�+.-0=PE�A2§�B
=�B�/ *�1<AC5,D67�5�=¢1<N>B�7�5,-0=�+�B.D
1PB�=�ACDL1<B.£�=<*;/CE�(

i = x, y, z
*

〈a + 1i,bcd〉 = (Wi −Ai) 〈abcd〉+
ai 〈a− 1i,bcd〉 + bi 〈a,b− 1i, cd〉 + ci 〈ab, c− 1i,d〉+ di 〈abc,d− 1i〉

2(ζ + η) � � �
	�	��

¨ 1:ACE�D05,1:B�D05�->£�NT1P56N�*
§�BZ1<N0B�=PB.+�-0=�EPA2§,B�=�B�/ *�1<AC5,D0E:��� B�*,/2EP5KD0B�B.�¥1<N>B�E�1<*,=�1PACD0£KH�5�ACDL1
��N0A2+$NTA2E�1<N0B�7�5�-0=�+.B�DL1<B.=GA2D
1PB�£�=P*,/CE 5,795�D>/23uE � 143�H�B ��*,-0E�EPA *;D0E:� ¨ 1�EPN05�->/C���¼BZ¡
-0A21PB�+�/2B
*,=
7�=�5�J��O¡
-�*;1PAC5�D0E ( � ��� � *¢*,D0�1( � ����� * 1<N0*;1

〈s̃as̃bs̃cs̃d〉 =

(

π

ζ + η

)3/2

κabcd.
( � � � � *

� � � � ~ 
¢�u�9�V� ��~ � ~���� �@�������

��N0B6�0B�=�A2§;*;1<A25�D0EZ5,7�5,1PN0B�=�=PB�+.-0=PE�A2§,Bu=PB./ *;1PAC5�D0E�7�5�/2/C5 �lE�ACJKAC/ *;=�/CACD>B�E�*;E�1<N>Bu5�D0B�ACDp?&B.+ �
1PAC5�D � ���6*;D0�«*,=�B��>ACEP+.-0EPE�B���A2D 1PN0B�5,=PAC£,ACD�*,/�H�*,H�B�=!� � 
 � �u¨4D 1<N0A2E�E�B�+�1<AC5,D1� B ��AC/2/95�D0/�3
+.5�/C/2B�+.1 1<5�£�B�1<N0B.=�ACD�* EPA2D0£�/2B¸H0/ *;+�B¸1<N>BZ=�B�+.-0=PE�A2§�B�=�B�/ *�1<AC5,D0E � BZ->EPB�� ��N0B�D05;1$*;1PAC5�D!A2E¢1<N0B
EP*,J�B�*;E�A2D�/ *,EI1�EPB.+.1<A25�D��




!� ��N0B��¸��*,=P*K*;D0� ?&*,A7��* ?&+$N0B.J�B

� � ���5� * �0	 � $ ������� 	 � - � �%/0����� �)$%	�����"��

¨4D«1PN0B �G*;=�1<=�B�B61PB�=�J � B!D0B�B.�pB�/CB.+.1P=P5�D�=�B�H0-0/2EPA25�D«ACDL1PB�£�=P*,/CE�1<N�*�1 *,=PB ��=PA21�1<B.D«N0B�=�B!ACD
1PB�=PJKE�5,7�-0D0D05,=PJ�*,/CA ��B�� �¢*;=�1<B.EPAC*,D �Z*,->EPEPAC*,D!7�-0D0+�1<AC5,D0E�*,E

〈ab| |cd〉 =

∫∫

d3r d3r′
g̃(r; ζa,a,A)g̃(r; ζb,b,B)g̃(r′; ζc, c,C)g̃(r′; ζd,d,D)

|r− r′| .
� � �
	 � �

¨4DL1<=P5��0-0+.ACD0£K*,DT*,- �&A2/CA *;=�3KB�/2B�+.1P=P5�Dg=PB.H0-0/2EPAC5,D!ACDL1<B.£�=<*,/

〈ab| |cd〉(m) =
2√
π

∫ ∞

0

du

(

u2

ρ+ u2

)m

〈ab| u |cd〉 , ( � � � ��*
��N0B.=PB

m
A2E�D05�D0D>B�£L*;1PA2§,BZA2DL1<B�£,B�=�*,D0�

〈ab| u |cd〉 =

∫

d3r′ g̃(r′; ζc, c,C)g̃(r′; ζd,d,D) 〈a| 0r′ |b〉
( � � � � *

��A�1<N

〈a| 0r′ |b〉 =

∫

d3r g̃(r; ζa, a,A)g̃(r; ζb,b,B) exp[−u2(r− r′)2],
( � � � 
3*

5�D>B�+
*,Dg5��>1<*,ACD!1<N>BZ=�B�+.-0=PE�A2§�BZ=PB./ *;1PAC5�D (
i = x, y, z

*

〈a + 1i,b| |cd〉(m) = (Pi −Ai) 〈ab| |cd〉(m) + (Wi − Pi) 〈ab| |cd〉(m+1)

+
1

2ζ
Ni(a)

(

〈a− 1i,b| |cd〉(m) − ρ

ζ
〈a− 1i,b| |cd〉(m+1)

)

+
1

2ζ
Ni(b)

(

〈a,b− 1i| |cd〉(m) − ρ

ζ
〈a,b− 1i| |cd〉(m+1)

)

+
1

2(ζ + η)
Ni(c) 〈ab| |c− 1i,d〉(m+1)

+
1

2(ζ + η)
Ni(d) 〈ab| |c,d − 1i〉(m+1) .

� � �
	����

8:5,1PB�1<N�*;1�1PN0B�B�/2B�JKB�DL1<E ��A21PN
m = 0

*,=�B¸1<N0B�1P=P-0B�� ��¨7� E:�

��N0B�� ��¨ 5­§�B�=�E � 143�H¼B�7�-0D0+�1<A25�D0E�ACE

〈s̃as̃b| |s̃cs̃d〉(m) =
1√
ζ + η

K(ζa, ζb,A,B)K(ζc, ζd,C,D)Fm(T )
( � � � � *



� � � ��B�+�->=PEPA�§�B���B./ *;1PAC5�D>E 
 


��N0B.=PB�1<N>B � 5°3�E�7�-0D0+�1<AC5,DgA2E��0B -0D0B��T�
3

Fm(T ) =

∫ 1

0

dt t2m exp(−T t2), ( � ��� � *

T = ρ(P−Q)2 ( � ����� *
*,D>�

K(ζ, ζ ′,R,R′) =
√

2
π5/4

ζ + ζ ′
exp

[

− ζζ ′

ζ + ζ ′
(R−R′)2

]

.
( � ��� � *

� A�1<N�*:/CA�1P1P/CBON0B./CH�7�=�5�J ��=<*,�0EI1<N0B�3�D *,D0� ��3 ��N0A��U��� � � 5�D0B +�*,D�5,�>1$*,A2DZ1PN0B�� 5°3�E�7�-0D0+.1PAC5�D
*,E

Fm(T ) =
1

2m+ 1
Φ

(

m +
1

2
, m +

3

2
,−T

)

,
( � ��� � *

��N0B.=PB
Φ(α, γ; z)

A2E�1PN0B�+�5�D� �-0B�DL1:NL3&H�B�=�£�B�5,J�B�1<=PA2+�7�-0D0+.1PAC5�D8� )�5�=�/C*,=P£�B¸§;*,/2-0B�E�5,7
T
� B

J�*
3!*,H0H>=P5 �&ACJ�*;1<BG1PN0B � 5­3�E�7�-0D>+.1<A25�D

Fm(T ) =

∫ 1

0

dt t2m exp(−T t2) ≈
∫ ∞

0

dt t2m exp(−T t2) (T � 1).
( � ���!
 *

��B�D0+.B!� � � �

Fm(T ) ≈ (2m− 1)!!

2m+1

√

π

T 2m+1
(T � 1).

( � ���#��*

� � ��� � � � � 	 	��)$%	�������	�� �0" � � �)$%	�����"�� �

� � 5g+�B.DL1<B�=Z5­§�B.=P/ *;H A2DL1<B�£,=<*,/2E�*,=PB D0B.B��0B.� 1P5T5��&1$*,A2D 1<N0B 5­§�B.=P/ *;H J�*;1P=PA��6� � � 5¥+�B.DL1<B�=
5­§�B.=P/C*,H�J6*;1P=PA$�u5­§�B.=:->D0D05�=�J6*,/2A �.B�� �¢*,=I1<B�E�A *,D ��*,-0E�EPA *;DT*;=PB ��=PA�1P1<B.D

〈a|b〉 =

∫

d3r g̃(r; ζa, a,A)g̃(r; ζb,b,B).
( � ��� � *

��N0B�=�B�+�->=PEPA�§�BZ=PB./ *;1PAC5�Du7�5�=¢1PN0B�E�B�B�/CB.J�B.DL1<E�ACE

〈a + 1i|b〉 = (Pi − Ai)〈a|b〉+
1

2ζ
Ni(a)〈a− 1i|b〉+

1

2ζ
Ni(b)〈a|b− 1i〉

( � ���#
3*
*,D>��1PN0B�ACDL1<B.£�=<*;/m5­§�B�=�E�7�-0D0+�1<AC5,D0E�ACE�£�A�§�B.DT�L3

〈s̃a|s̃b〉 =

(

π

ζ

)3/2

exp[−ξ(A−B)2].
( � ��� � *
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� � ��� � � /���	 $%/ � * �
	���� 
 � �)$%	�����"�� �

��N0B �
ACD>B.1<A2+�B�D0B.=P£,3�A2DL1<B�£,=<*,/m5;7�-0D>D05�=PJ�*,/2A ��B.�
�¢*,=I1<B�E�A *,D ��*,-0EPE�A *,D>E

〈a| T̂ |b〉 =

∫

d3r g̃(r; ζa, a,A)(−1

2
∇2)g̃(r; ζb,b,B)

( � ��� � *
A2E�5��>1$*;ACD0B.�g�L3u1PN0B�=PB.+�-0=�EPA2§,B�=�B�/C*;1<A25�D

〈a + 1| T̂ |b〉 = (Pi − Ai) 〈a| T̂ |b〉+
1

2ζ
Ni(a) 〈a− 1i| T̂ |b〉

+
1

2ζ
Ni(b) 〈a| T̂ |b− 1i〉

+ 2ξ

[

〈a + 1i|b〉 −
1

2ζa
〈a− 1i|b〉

]

.

( � ��
#� *

��N0B �
ACD>B.1<A2+�B�D0B.=P£,3�A2DL1<B�£,=<*,/m5­§,B�=�E�7�-0D0+.1PAC5�D>E�A2E

〈s̃a| T̂ |s̃b〉 = ξ[3− 2ξ(A−B)2]〈s̃a|s̃b〉.
( � ��
&� *

� � ��� � � - � �0	�"�� � $ $ ��" � $%/���� � �)$%	�����"�� �

��N0B�D
-0+./CB
*;=:*�1P1<=P*,+.1PAC5�D!A2DL1<B�£,=<*,/m5­§,B�=�-0D0D05,=PJ�*,/CA ��B�E��¢*;=�1<B.EPAC*,D �Z*,->EPEPAC*,D

〈a| Û � �76 � (C) |b〉 =

∫

d3r
g̃(r; ζa, a,A)g̃(r; ζb,b,B)

|r−C|
( � ��
 � *

A2E�5��>1$*;ACD0B.��1PN0=P5,-0£�N!1<N0B�=�B�+�->=PEPA�§�BZ=PB./ *;1PAC5�D!5,7�*,- �&A2/CA *;=�3 7�-0D0+�1<AC5,D

〈a + 1i|Û � � 6�� (C) |b〉(m) = (Pi −Ai) 〈a| Û � �76 � (C) |b〉(m)

− (Pi − Ci) 〈a| Û � � 6�� (C) |b〉(m+1)

+
1

2ζ
Ni(a)

(

〈a− 1i| Û � � 6�� (C) |b〉(m) − 〈a− 1i| Û � �76 � (C) |b〉(m+1)
)

+
1

2ζ
Ni(b)

(

〈a| Û � � 6�� (C) |b− 1i〉(m) − 〈a| Û � � 6�� (C) |b〉(m+1)
)

,

� � � �����

��N0B�=�BZ1PN0BZ=PB
*;/mD
-0+�/2B
*,=�*;1�1<=<*;+.1<A25�D�ACDL1<B.£�=<*;/CE�*,=�B�1<N0B�5�D0B.E+��A�1<N
m = 0

� ��N0B�*,- �&AC/2A *,=I3
A2D
1PB�£�=P*,/CE¢*,=PB��0B -�D0B��g�L3

〈a| Û � � 6�� (C) |b〉(m) =
2√
π

∫ ∞

0

du

(

u2

ζ + u2

)m

〈a| 0C |b〉 ,
( � ��
 

*



� � � ��B�+�->=PEPA�§�B���B./ *;1PAC5�D>E 
!�

��N0B.=PB

〈a| 0C |b〉 =

∫

d3r g̃(r; ζa, a,A)g̃(r; ζb,b,B) exp(−u2(r−C)2).
( � ��
'�3*

��N0BZ*,- �>A2/CAC*,=�3KACDL1PB�£�=P*,/CE�5­§�B.=�E�7�->D0+.1PAC5�D0E�*,=�B

〈s̃a|U � �76 � (C) |s̃b〉(m) = 2

(

ζ

π

)1/2

〈s̃a|s̃b〉Fm(U),
( � ��
#� *

��N0B.=PB
U = ξ(P−C)2.

( � ��
'
3*
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 �
����
­§�����������������������
������,� �!���#"$��%&����
�� � � ��� � 	

M [f(n)] = f(M [n]).
( � ���!
 *

� ����' �(�!�����)� �*��%+�)�����������,�����!-.'���%&����
��
f
�)�/� �0�+1$��
��2���3�������

f(n) =
∑

m

αmn
m,

( � ��� *

�������

M [f(n)] = M [
∑

m

αmn
m] =

∑

m

αmM [nm] =
∑

m

αm(M [n])m = f(M [n]).
( � � � *

�2�������������������4���2
,� �5�����������61����3�	���)���.�#' ����
�-0������%�
��7�����3���3���������������)����
��8
�-9��� �Z���������
∑

φ

|φ〉〈φ| =∞, ( � ���3*



� � �2�����O¡ '������ � 18
�-9������¤ � �����$� 
�- ��� ' ��%3����
������>�4������� ' ��%3����
���
�- � �:�:�

��'�%5�#��� �)�

〈φµ| n̂m |φβ〉 =
∑

φ1...φm−1

〈φµ| n̂ |φ1〉 · · · 〈φm−1| n̂ |φν〉

=
∑

1···(m−1)

Mµ1[n]M1,2[n] · · ·Mm−1,ν [n]

=
∑

2···(m−1)

M2
µ2[n] · · ·Mm−1,ν [n] = Mm

µν [n].

( � ��

*

�/
)���(��� �)� ��� ����������
$
)- �*� ���­§���-.���.¡ '����6��� 1 ���,� ��
 '����������8%3
��(� ���3�������3��� 
)-2�����
� �)����� � �,���!%�
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)-
�O¡ ' �)����
��5( � ��� 
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 � ��������%+�������
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" � ������������� ���$# �&%('*� %+����%�'����)��� ��� � � 
�'�������� ����������-.
���� 
�-!�����*) ���������3�,+3�3�5� -.'���%3����
��
ζ(k − p) -/. �����$0 �����1#��32 ��������
��40��65��3�#���!7/8 ':9<;>=@?BA CED - DFDHGI'IJK?BLM;N9B=6A
∫

dp eipxζ(k − p) = P

∫

dp
eipx

k − p − iπe
ikx = eikx

(

P

∫ ∞

−∞
dz

e−izx

z
− iπ

)

.
CPO -&Q G

RTS$J1U$VW=@A$XY=@U:9[Z\U:9BV];
Ip = P

∫ ∞

−∞
dz

e−izx

z

CPO -_^ G
=6`aXb9BZ6Xdc$Z@9[;>JY#e=@Ae;>S$JfXY?Fg,UMZ@J3%eU$Zh9BAMJBi/c$`j=6A$0k;>S$J�Ol9Bc$XNSHm�=6An;jJd0FVj9BZpoq?FVWgrc$Z@9 -ts `uc$`Wc:9BZ'vS$J3;>S$JYVK'IJuXdZ6?F`jJa;>SMJw=6AH;>Jd0BV>9[;j=@?FAxU:9<;>Sy=@A*;>SMJ,c$UMUzJYVK?BV{Z@?|'pJYV1S:9BZ6oqUMZh9BA$J}#$JdU�JdA$#M`~?FA
;jS$Jl`j=60FAa?Bo

x - "�Aa;jS$Jpoq?FZ6Z@?|'v=@A$0�'pJv9[`j`jcMg,Jp;jS:9[; x > 0
9BAM#aXdZ@?B`jJl=6Ar;>S$JlZ6?|'pJYV�S:9BZ&oqU$Zh9BAMJBi

0F=&5�=@A$0!CqXYo -:� =60Fc$VWJKO -6Q G

0 =

∫

CR

dz
e−izx

z
+

∫

Cε

dz
e−izx

z
− Ip(R, ε),

C�O - DHG

'vS$JYVjJ
Ip(R, ε) =

∫ −ε

−R

dz
e−izx

z
+

∫ R

ε

dz
e−izx

z
.

CPO -�� G
"�A!;>S$JKZ@=6g,=&;

R →∞ 9BA$# ε→ 0
i
Ip(R, ε)→ Ip - "�A!;>S$=6`vZ@=@gw=6;I;>S$JK=@AH;jJd0FVj9BZ�?|5FJdV CR

=@`
+YJdVj?4`W=@A$XYJ};>SMJrJ3%�U�?FA$JdAH;j=h9BZ�oE9[Z@Z@`voE9B`];�JdAM?Fc$0FSx;>?�+dJdVW? - R�?4Xd9BZ@XYc$Zh9<;>J1;>S$JaU:9<;>Sx=@AH;jJd0FVj9BZ?|5FJYV

Cε
'pJ4cM`jJ49�AM=@XdJ,Z@=&;j;>Z6JaZ@JYg,g,9����F�<��;>S$9[;r`];N9[;jJd`};jS:9[;r=&o

f(z)
S$9B`r9�`W=@gwU$Z@JwU�?FZ@J

9[;
z = α

'v=&;>SkVjJY`j=@#Mc$J
a−1
9BA$#

k = k(ε, φ)
=6`19BAy9BVjXu?Bo�;>S$JuXY=@VjXYZ@J |z − α| = ε

;jS:9[;



� � � ?Fc$VW=@JYVlR�Vj9BA$`]oq?FVjg ?[o�;jS$JK) Jd=&;>Z6JdV��\JY;>9 � cMA$XY;j=@?FA

�����	��

������������������� �"!#� $&%#'($�'#��)+*����,�.-/�0!#�,12%43
!5-/�&16!5���87&%5-/���,-/7�3
9�7�3
%5!;:

`Wc$LM;>JYA$#$` 9BA�9BA$0FZ6J
φ
9[;v;>S$J1XYJdAH;>JYV
<:;>S$JYA

lim
ε→0+

∫

k

dz f(z) = iφa−1.
CPO - �FG

)�JdA$XYJ
ICε = −iπ, C�O ->= G

;jS$J1g,=6A�cM`TXd?Fgw=@A$0roqVW?Fg ;jS$J1?FVj=6JdAH;N9<;>=@?BA4?Bo�;jS$J1U:9[;jS -�? J{;jS$JdVWJYoq?FVWJK?BLM;N9B=6A

Ip = −iπ. C�O - �FG

@ =6g,=6Zh9BV�Xb9[Z@XdcMZh9[;j=@?FA$`�oq?FV
x < 0

0F=65BJ

Ip = iπ,
C�O - � G

9BAM#f;jS$JdVWJYoq?FVWJ
Ip = −iπε(x) C�O ->A G

'vS$JYVjJ

ε(x) =







−1 x < 0,

1 x > 0.

CPO -&Q2B G
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RTS$J � ?Fc$VW=@JYVp;>Vj9BA$`Woq?BVjg ?Bo ;>SMJK+YJY;>9uoqc$AMXY;>=6?FA4oq?FZ@Z6?|'v`
∫

dp eipxζ(k − p) = −iπeikx(1 + ε(x)) = −2πieikxθ(x),
CPO -&QFQ G

'vS$JYVjJ
θ(x)

=@`l;jS$JK) Jb9b5�=@`W=@#$J1`];>JdU!oqc$A$X3;>=@?BA -RTS$J1J3%M9BX3; `j9BgwJ{`W;>JYU$`�0F=65BJ
∫

dp eipxζ(k + p) = −iπe−ikx(1− ε(x)) = −2πieikxθ(−x). C�O -6Q ^ G

RTS$JuXb9[`jJ
x = 0

S:9B`{;>?fL�Ja;>VjJd9[;>JY#�`WJdU:9[V>9[;jJdZ6m - "�Ay;jS$=@`{Xd9B`jJu;>SMJwUMVj=@AMXd=@U$9BZ�U:9[VW;1=@`+YJdVj?,9BA$#4'IJ~?BLM;N9B=6A
∫ ∞

−∞
dp ζ(k± p) = −iπ. CPO -&Q DHG
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"�A�Anc$gwJdVW=@Xd9BZzXd9BZ@XYc$Zh9<;>=@?BA$`�;jS$J =6AH;>Jd0BV>9BZ�Jd8nc:9[;j=@?FA,oq?FVI;jS$J
T � g,9[;>VW=&%u=6`I;jV>9BA$`]oq?FVjgwJd#�=@AH;>?9�g,9[;>VW=&%}Jd8nc:9[;j=@?FA - RTS$=6` =@` #$?FAMJT=@AaL�?B;>Sa;>SMJ Q�� Xb9B`WJ}C @ JdX3;>=6?FA �}-6Q G�9BA$#u=@Ar;jS$J ^���� D �Xd9B`jJ,C @ JdXY;j=@?FA �}-_^ G -

� ��� ��� �������

"�A Q�� ;>S$J T � g,9[;jVj=&%,`j9[;>=6`W2:JY`�;jS$J1=@AH;>JY0FV>9BZ\Jd8nc:9[;j=@?FA

T (k′, k) = V (k′, k) +

∫

dp V (k′, p)G0(p;E)T (p, k)
C �}-&Q G

RTS$Jwc$A$=&;>`K?Bo
T
9[A$#

V
9BVjJuJdAMJdVj0[my;j=@gwJd`1Z@JYA$0B;jS
i�`W?�=&op'IJ�`jXd9BZ@J,9BZ6Z JdA$JYVj0F=6Jd`K=@A! vm�# �L�JdVW0F`�9BAM#*Z@JYA$0B;>SM` =6A�c$A$=&;>` ?Bo#"p?FSMV V>9[#$=@=�'IJr?FLM;>9B=@Af;>S$J}J3%M9BXY; `>9BgwJ}JY8nc:9[;>=6?FA�J %�XdJdU�;

J35FJdV]mn;>S$=6A$0�=6`�`WXb9BZ6Jd# -(? JK'v=@Z@Z\=@Af;>S$=6` 9[U$UzJYA$#$= %!?FA$Z6m�'p?FV%$4'v=6;>S!`jXd9BZ@JY#�`W=@+dJY`di L$cM;�'v=@Z6ZA$?[;v=@AH;>VW?�#$cMXdJ19uA$JY' A$?B;N9<;>=@?BA�oq?FVT=6; -"�Af;>S$JY`jJK`jXb9[Z@Jd#fc$AM=6;>`T;jS$J�&1VWJdJdA('�`Toqc$A$X3;>=6?FAf=@`

G0(p; k) =
1

k2 − p2 + iη
.

C �}-_^ G

. `j=@AM0u;jS$J{oE9BXY;K��D � �
1

x± iη =
P

x
∓ iπδ(x), C �}- DFG
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'vS$JYVjJ
P
#$JYA$?B;jJd`�U$Vj=6A$Xd=6U:9BZz5[9BZ6c$JBi�;>S$J�&{VjJdJYA '�`�oqc$AMXY;>=6?FAfXb9BA!L�J{VjJY'vVW=6;W;>JdA�9B`

G0(p; k) =
P

k2 − p2
− iπ

2k
(δ(p− k) + δ(p+ k))

C �~-�� G
"�AH;>VW?�#Mc$Xd=6A$0a;>S$=6`T=@AH;>?a;>SMJ�� @ Jd8nc:9<;>=@?BA!oq?FVl;jS$J

T � g,9[;>VW=&%

T (k′, k) = V (k′, k) + P

∫ ∞

−∞
dp

V (k′, p)T (p, k)

k2 − p2

− iπ

2k
(V (k′, k)T (k, k) + V (k′,−k)T (−k, k)) .

C �}- �FG

RTS$J1=6An;jJd0FVj9BA$#f=@A4;jS$J1VjJdg,9B=6A$=@A$0}=@AH;>JY0FV>9BZ\=@`T`j=6A$0Fc$Z@9BVT9[;
p = ±k - @ =@A$XYJ

P

∫ ∞

0

dp
1

k2 − p2
= 0

C �~->= G
?FAMJ�Xd9BA�0BJY;�Vj=6#w?[o\;>SMJ `W=@A$0FcMZh9BVW=6;�m~?Bo\;jS$J =6AH;>Jd0BV>9BA$#wLHmw9K`Wc$LM;jV>9BX3;>=@?BA,?Bo
9K+YJdVW?���D Q i�D = � -
� ?FVT9u0FJYA$JdVj9BZ
oqc$A$X3;>=@?BA f 'IJ1S:9b5FJ�C�9B`W`jc$gwJ k > 0

G

P

∫ ∞

−∞
dp

f(p)

k2 − p2
= P

∫ ∞

0

dp
f(−p)
k2 − p2

+ P

∫ ∞

0

dp
f(p)

k2 − p2

=

∫ ∞

0

dp
f(−p)− f(−k)

k2 − p2
+

∫ ∞

0

dp
f(p)− f(k)

k2 − p2
.

C �}- �FG

RTS$J�5[9BZ6c$J�?Bo�;jS$J{=@AH;jJd0FVj9BA$#f9[;l;jS$J{`j=6A$0Fc$Z@9BVj=&;�muXb9BA\i$LHm�c$`WJ{?Bo Z '�) ?̂[U$=6;>9BZ '�`pVWc$Z@J[iML�J{`jJdJYA
;j?�S:9b5BJ�L�JdXd?Bg,J

f ′(±k)/2k -�s `j`Wc$g,=6A$0f;>S:9[; f ′ =6`1A$?FA$`W=@A$0FcMZh9BVK9[; ±k i�;jS$JwU$Vj=6A$Xd=6U:9BZ5[9BZ6c$JrXb9[Ak;jS$JdVWJYoq?FVWJaLzJa`%$n=@U$U�Jd#y9B`19BZ6VjJd9B#Mm*#M?FA$J - "�Ak?Fc$V{Xb9[`jJ f =@`�9fXY?FgrL$=6A:9[;j=@?FA�?Bo
T
9[A$#

V
;>S$9[;~9BVjJu`jgw?�?B;>Skoqc$A$X3;>=@?BA$`1?BolJYA$JdVW0Bm -�. `j=6A$0f;>S$J,9BL�? 5BJw'IJ�?BLM;N9B=6Axoq?FV{;>S$JVWJdg,9B=@A$=6A$0r=6An;jJd0FVj9BZ
=6Af7/8nc:9<;>=@?BAtC �}- �BG

P

∫ ∞

−∞
dp

V (k′, p)T (p, k)

k2 − p2
=

∫ ∞

0

dp
V (k′, p)T (p, k)− V (k′, k)T (k, k)

k2 − p2

+

∫ ∞

0

dp
V (k′,−p)T (−p, k)− V (k′,−k)T (−k, k)

k2 − p2
.

C �}- � G

? JaUzJYVWoq?FVWg ;jS$Ju=@AH;>JY0FV>9[Z�LHm*U$c�;j;>=6A$0�;>SMJwcMU$UzJYV{Z@=6g,=&;�;j? p ���	�
9[A$#k#$=65�=@#M=@A$0w;>S$Ju=@AH;jJ �0FVj9[;>=6?FA4=@AH;jJdVW5[9BZ\=@AH;>?

n 
���
������������
JY8�c$9BZ�Z@JYA$0B;>Sf`Wc$L$=@AH;jJdVW5[9BZ6`

∫ ∞

0

≈
∫ p �����

0

=

n � �� "!$#&% �(' )
∑

i=1

∫ p(i+i)

p(i)

,
C �}- A G



�}-&QwQ�� Ol9B`jJ � A

'vS$JYVjJ
p(i) = (i− 1)

p ���	�

n 
���
 � ���������
= (i− 1)∆ 
���
 .

C �}-&Q2B G
7/9BXNSw`jc$LM=@AH;>JYVW5[9BZ =@AH;>JY0FV>9[Z$=@`�9BU$UMVj?b%�=@g,9[;>JY#wLHmu9{oq?Fc$V/U�?F=@AH; &19Bc$`W`j=h9[Aw8nc:9[#$V>9[;jc$VjJ�`jcMXNS
;jS:9[;bi�oq?FVv9a0FJdA$JYV>9BZ

f

∫ p(i+i)

p(i)

dp f(p) =
∆ 
�� 


2

4
∑

j=1

wjf(yj) =
4
∑

j=1

w′
jf(yj),

C �}-&QFQ G

'vS$JYVjJ
w′

j =
∆ 
�� 


2
wj

C �}-&Q ^ G
9BAM#

yj =
∆ 
���


2
xj +

2i− 1

2
∆ 
���
 .

C �}-&Q DHG
xj

9[A$#
wj

9BVjJa;>SMJ�9BLM`jXd=6`j`j9B`K9BA$#k'pJY=@0FSH;1oE9BXY;j?FVj`1VWJd`jU�JdX3;>=&5FJdZ&mkc$`jJY# =6Ak;jS$Jaoq?Fc$V1U�?F=@AH;
&19Bc$`W`j=h9[A�`WXNS$JdgwJ,'IJdVWJ�=@AH;jJd0FVj9[;>=6?FAkZ@=@gw=6;j`{9BVWJwoqVW?Fg −1

;>?
1
�_� � � -�? Jw'v=6Z@Z�;jS$JdVWJYoq?FVWJ'vVW=6;>J

∫ ∞

0

dp f(p) ≈
Ng
∑

l=1

w′
lf(yl),

C �}-&Qb� G
'vS$JYVjJ

Ng = 4n 
�� 
�� �$�������
=6`l;>S$J{;j?B;N9BZ\A�cMgrLzJYVv?Bo &19Bc$`W`j=@9BAfUz?F=6AH;>`

. `W=@A$0a;jS$JK9BLz?|5BJKUMVj?�XdJd#Mc$VjJK?FA4;>S$J1=6An;jJd0FVj9BZ
=6A�7 8nc:9[;j=@?FA�C �}- � GT0B=65FJY`

P

∫ ∞

−∞
dp

V (k′, p)T (p, k)

k2 − p2
=

Ng
∑

l=1

w′
l

V (k′, pl)T (pl, k)− V (k′, k)T (k, k)

k2 − p2
l

+

Ng
∑

l=1

w′
l

V (k′,−pl)T (−pl, k)− V (k′,−k)T (−k, k)
k2 − p2

l

,

C �}-&Q �FG
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;jV>9BA$`]oq?FVjgw=@AM0};>S$J1=6An;jJd0FVj9BZ
JY8�c$9[;>=6?FA4oq?FV
T
=@AH;j?

T (k′, k) = V (k′, k) +

Ng
∑

l=1

w′
l

V (k′,−pl)T (−pl, k)

k2 − p2
l

+

Ng
∑

l=1

w′
l

V (k′, pl)T (pl, k)

k2 − p2
l

−
Ng
∑

l=1

w′
l

k2 − p2
l

V (k′,−k)T (−k, k)

−
Ng
∑

l=1

w′
l

k2 − p2
l

V (k′, k)T (k, k)

− iπ

2k
(V (k′, k)T (k, k) + V (k′,−k)T (−k, k)) .

C �}-&Q2= G

? JKUMcM; k′ ?FA!9uAMJY;

km =































−pNg−m+1 m = 1, . . . , Ng,

pm−Ng m = Ng + 1, . . . , 2Ng,

−k m = 2Ng + 1,

k m = 2Ng + 2.

C �}-&Q �FG

" ; =6`�XYZ@Jb9[V�;>S:9<;�;>SMJl'pJY=@0FSH;�oE9BX3;>?FVW`�oq?FV −pl

Jd8nc:9BZ
wl

9[A$#r;>S$JI'pJY=@0FSH; oE9BX3;>?FVW`�Xd?FVWVjJY`jU�?FA$# �=6A$0r;>?a;>SMJ
km
L�JdXY?FgwJ

vm =







w′
Ng−m+1 m = 1, . . . , Ng,

w′
m−Ng

m = Ng + 1, . . . , 2Ng.

C �}-&Q � G

? =&;>S4;>S$JY`jJ1#$J32:A$=6;j=@?FAM`l'pJK?FLM;>9B=@A�oq?FV k′ = kn

T (kn, k) = V (kn, k) +

2Ng
∑

m=1

vm
V (kn, km)T (km, k)

k2 − k2
m

− 1

2

2Ng
∑

m=1

vm

k2 − k2
m

(

V (kn, k2Ng+1)T (k2Ng+1, k) + V (kn, k2Ng+2)T (k2Ng+2, k)
)

− iπ

2k

(

V (kn, k2Ng+1)T (k2Ng+1, k) + V (kn, k2Ng+2)T (k2Ng+2, k)
)

.
C �}-&Q2A G
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� J32:A$=6A$0
Dm =







vm

k2−k2
m

m = 1, . . . , 2Ng

−1
2

∑2Ng

m=1
vm

k2−k2
m
− i π

2k
m = 2Ng + 1, 2Ng + 2,

C �}-_^ B G
;jS$J1Jd8nc:9[;j=@?FA4oq?FVl;jS$J

T � g�9<;>Vj= %ziM7 8nc:9[;j=@?FA�C �~-6Q2A G3i:L�JdXd?Bg,JY`

Tn,2Ng+2 = Vn,2Ng+2 +

2Ng+2
∑

m=1

VnmDmTm,2Ng+2.
C �}-_^�Q G

RTS$=6`TXb9BA!L�JKVWJY'vVW=6;j;jJdA�9B`
∑

m

FnmTm,2Ng+2 = Vn,2Ng+2

C �}-_^F^ G

'vS$JYVjJ{'IJ~S:9b5BJ~#$J32:A$JY#
Fnm = δnm − VnmDm.

C �}-_^ DHG
RTS$=6`�=@`�9BAaJb9[`j=@Z&mK`j?FZ&5FJd#ug,9[;>VW=&%KJY8�c$9[;>=6?FA - RTSMJTg�9[;jVj= %KJdZ@JYg,JYAH; T2Ng+2,2Ng+2

=6`�#$=6VjJdX3;>Z&m
VWJdZh9<;>Jd#4;j?u;jS$J{;>Vj9BA$`jgw=@`W`j=6?FAf9BgwU$Z@=&;>c$#$J

t = 1 + fE(k ← k) = 1− iπ

k
T (k, k) = 1− iπ

k
T2Ng+2,2Ng+2.
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Tmn(k, kn) = Vmn(k, kn) +
1

2π

∑

l

∫ ∞

−∞
dq |q|Vml(k, q)Tln(q, kn)

k2
l − q2 + iη

.
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Tmn(k, kn) = Vmn(k, kn) +
1

2π

N � #�� �
∑

l=1

∫ ∞

−∞
dq |q|Vml(k, q)Tln(q, kn)

k2
l − q2 + iη

− 1

2π

N � ����! )
∑

l=N � #�� � +1

∫ ∞

−∞
dq |q|Vml(k, q)Tln(q, kn)

κ2
l + q2

,

C �}-_^ = G

'vS$JYVjJ
N � �����

=@`u;>S$J�Anc$grL�JdV�?[o1U$Vj?FU$9B0H9[;j=@A$0yg,?�#$JY`di
N �	��
 � �

=@`u;>S$J!;>?B;>9BZvAnc$grL�JdV�?[o
gw?�#MJd`�c$`jJY#*=@A!;>S$JKXb9BZ6Xdc$Z@9[;>=6?FA!9BA$#

κ2
l = 2mεl/~

2 − k2
E > 0 -8? J}S$9|5BJr9B`W`jc$gwJd#�;>S:9[;;jS$J4JdA$JYVj0Bmt=@`rA$?[;uJd8nc:9BZl;j?x?FA$J4?Bo�;>S$J�;jV>9BAM`W5FJYVj`WJ�JY=@0FJYA$JdA$JYVj0F=6Jd`YiIS$JYA$XdJ4;jS$J &1VWJdJYA '�`
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. `W=@A$0uVWJdZh9<;>=@?BAyC �}-�� GI'v=6;jS k = kl

'pJK?FLM;>9B=@A�oq?FVl;jS$J1`jc$g ? 5BJdV�U$Vj?BU:9B0H9[;j=@A$0agw?�#$Jd`

1

2π

N � #�� �
∑

l=1

∫ ∞

−∞
dq |q|Vml(k, q)Tln(q, kn)

k2
l − q2 + iη

=
1

2π

N � #�� �
∑

l=1

P

∫ ∞

−∞
dq |q|Vml(k, q)Tln(q, kn)

k2
l − q2

− i

4

N � #�� �
∑

l=1

[Vml(k,−kl)Tln(−kl, kn) + Vml(k, kl)Tln(kl, kn)] .
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1

2π

N � #�� �
∑

l=1

P

∫ ∞

−∞
dq |q|Vml(k, q)Tln(q, kn)

k2
l − q2

=

1

2π

N � #�� �
∑

l=1

Ng
∑

j=1

w′
jpj

Vml(k,−pj)Tln(−pj, kn)

k2
l − p2

j

− 1

2π

N � #�� �
∑

l=1

Ng
∑

j=1

w′
jkl
Vml(k,−kl)Tln(−kl, kn)

k2
l − p2

j

+
1

2π

N � #�� �
∑

l=1

Ng
∑

j=1

w′
jpj

Vml(k, pj)Tln(pj, kn)

k2
l − p2

j

− 1

2π

N � #�� �
∑

l=1

Ng
∑

j=1

w′
jkl
Vml(k, kl)Tln(kl, kn)

k2
l − p2

j

.
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`Wc$XNS�;jS:9[;

qj =







−pNg−j+1 j = 1, . . . , Ng,

pj−Ng j = Ng + 1, . . . , 2Ng,

C �}-_^ A G

9BAM#

vj =







w′
Ng−j+1 j = 1, . . . , Ng,

w′
j−Ng

j = Ng + 1, . . . , 2Ng.
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1

2π

N � #�� �
∑

l=1

∫ ∞

−∞
dq |q|Vml(k, q)Tln(q, kn)

k2
l − q2 + iη

=

N � #�� �
∑

l=1

2Ng
∑

j=1

vj|qj|
2π

Vml(k, qj)Tln(qj, kn)

k2
l − q2

j

+

N � # � �
∑

l=1

(

−kl

4π

2Ng
∑

j=1

vj

k2
l − q2

j

− i

4

)

(Vml(k,−kl)Tln(−kl, kn) + Vml(k, kl)Tln(kl, kn)) .
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− 1

2π

N � ���	! )
∑

l=N � #�� � +1

∫ ∞

−∞
dq |q|Vml(k, q)Tln(q, kn)

κ2
l + q2

= − 1

2π

N � � ��! )
∑

l=N � # � � +1

∫ ∞

0

dq q
Vml(k,−q)Tln(−q, kn) + Vml(k, q)Tln(q, kn)

κ2
l + q2

= − 1

2π

N � � ��! )
∑

l=N � # � � +1

Ng
∑

j=1

vjpj
Vml(k,−pj)Tln(−pj, kn) + Vml(k, pj)Tln(pj, kn)

κ2
l + p2

j

=

N � ���	! )
∑

l=N � #�� � +1

2Ng
∑

j=1

−vj|qj|
2π

Vml(k, pj)Tln(pj, kn)

κ2
l + p2

j

.
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l + p2
j = −(k2

l − p2
j)
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µ

3
��).!5�����0$�	�� �,%(��� !5����!5%43
��'�� �,%#'#��	�� )&�
l
3
��)

* 3�� �,�"$�	�� �,%
k
:

µ l k
Q Q q1
^ Q q2--- --- ---
2Ng Q q2Ng

2Ng + 1 ^ q1--- --- ---
2N �	� 
 � � Ng N �	��
 ��� q2Ng

2N �	� 
 � � Ng + 1 N � ����� −kN � #�� �--- --- ---
2N �	� 
 � � Ng +N � ����� 1 −k1

2N �	� 
 � � Ng +N � ����� + 1 1 k1--- --- ---
2N �	� 
 � � Ng + 2N � � ��� N � ����� kN � #�� �

;jS$J1U$Vj?FU$9B0H9[;j=@A$0rU$9BVW;}C �~- D Q GI;>?u?FLM;>9B=@A4oq?FVT?FcMV T � g�9<;>Vj= % � @ Jd8nc:9<;>=@?BAf;jS$J{oq?FVjg

Tmn(k, kn) = Vmn(k, kn) +

N � � ��! )
∑

l=1

2Ng
∑

j=1

vj|qj|
2π

Vml(k, qj)Tln(qj, kn)

k2
l − q2

j

+

N � # � �
∑

l=1

(

−kl

4π

2Ng
∑

j=1

vj

k2
l − q2

j

− i

4

)

(Vml(k,−kl)Tln(−kl, kn) + Vml(k, kl)Tln(kl, kn)) .
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µ↔ (l, k)
0B=65FJYAf=@AfR�9[L$Z@J �}-_^�-/s `v=6Af;jS$J Q�� Xb9B`WJ1'IJK#$JY2:AMJ~9ug,9[;>VW=&% D

Dµ =







vj |qj |
2π

1
k2

l −q2
j

µ = 1, . . . , 2N �	��
 � � Ng,

−kl

4π

∑2Ng

j=1
vj

k2
l −q2

j
− i

4
µ = 2N �	� 
 � � Ng + 1, . . . , 2N �	��
 ��� Ng + 2N � ����� .
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|qj|/2π
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(m, k) = µ0

9BAM#
(n, kn) = ν0

izc$`W=@A$0w;>S$J~g�9[U�=@A�R�9[L$Z@J �}-_^ 9BA$#�;jS$Jr9[Lz?|5FJ~#$JY2$A$=6;j=@?FA?Bo ;>SMJ
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Tµ0ν0
= Vµ0ν0

+
∑

µ

Vµ0µDµTµν0
.
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