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Qi Zhang, Nature Physics 12, 1005 (2016):

Collective non-perturbative coupling of 2D electrons with
high-quality-factor terahertz cavity photons

■ 2DEG in GaAs-AlGaAs heterostructure
■ FIR photon cavity
■ External magnetic field



Gudmundsson et al. Annalen der Physik 528, 394 (2016):
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■ Exact diagonalization,
one photon mode

■ ℏω = 0.8 meV
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■ 2 electrons,
first photon replica

■ Polarizability
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Real-time excitation

Vext(r, t) = Vt

[
r · ê
a2

W

]
exp (−Γt) sin (ω1t)

↓

← Red-shift
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Large electron system – 2DEG
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■ No exact diagonalization
possible, (no CI)

↓
■ QED + DFT = QEDFT

■ Use and adapt functional:
EGA

xc [ne,∇ne], proposed by
Johannes Flick, Simple
Exchange-Correlation Energy
Functionals for Strongly Coupled
Light-Matter Systems based on the
Fluctuation-Dissipation Theorem,
PRL. 129, 143201 (2022)



Model and EM functional,( QED )

H = H0 +HZee + VH + Vper + Vxc + V EM
xc ( LSDA )

EGA
xc [ne,∇ne] = 1

16π

Np∑
α=1
|λα|2

∫
dr

ℏωp(r)√
(ℏωp(r))2/3 + (ℏωg(r))2 + ℏωα

( AC-FDT )
(ℏωg)2 = C

∣∣∣∣∇ne

ne

∣∣∣∣4 ℏ2

m∗2

(ℏωp(q))2 = (ℏωc)2 + 2πn2
e

m∗κ
q + 3

4v
2
Fq

2

ωc =
(
eB

m∗c

)
, l2 =

(
ℏc
eB

)
Select Np = 1, ℏωα = 1.0 meV, L = 100 nm, m∗ = 0.067me, κ = 12.4,
g∗ = 0.44, and q ≈ kF/6 ≈ |∇ne|/(6ne). λαl is measured in meV1/2



Commensurability

■ L and l are competing length
scales - Hofstadter problem:
Phys. Rev. B 14, 2239 (1976)

■ Magnetic flux through unit
cell: BA = pqΦ0, Φ0 = hc/e,
p, q ∈N

Ne = 2, pq = 1 →
λαl = 0.050 meV1/2

µ = −8.954 meV
T = 1.0 K
ℏωα = 1.0 meV
EZee = 1.053× 10−2 meV -π
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Polaritons emerge, pq = 1

Phys. Rev. B 106, 115308 (2022)

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 2.2

 2.4

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16  0.18

E
1
 -

 µ
  
(m

e
V

)

λαl (meV
1/2

)

-1.8

-1.6

-1.4

-1.2

-1

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16  0.18

E
0
 -

 µ
  
(m

e
V

)

λαl (meV
1/2

)

 2

 2.5

 3

 3.5

 4

 4.5

 5

 5.5

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16  0.18

E
3
 -

 µ
  
(m

e
V

)

λαl (meV
1/2

)

 1.4

 1.6

 1.8

 2

 2.2

 2.4

 2.6

 2.8

 3

 3.2

 3.4

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16  0.18

E
2
 -

 µ
  
(m

e
V

)

λαl (meV
1/2

)



Vxc, V EM
xc , [ne(λα)− ne(0)], pq = 4, λαl = 0.050 meV1/2

Ne = 2
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Ne = 2, 4
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Cavity-photon influence on orbital magnetization
pq = 1, 3
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Reall-time excitation → nonequilibrium (PRB 108, 115306 (2023))

H(t) = Hstat + V ext(r, t)

V ext(r, t) = Vt
{

(Γt)2e−Γt
}

[ cos (kyy) cos (Ωt)
± cos (kxx) sin (Ωt)]

iℏ∂tρ(t) = [H[ρ(t)], ρ(t)]

k ̸= 0 breaks the lattice symmetry → extend the Hilbert space
basis:

{|α, σ⟩} at each Brillouin point θ → {|α,θ, σ⟩}



Induced density
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t = 4 ps, kiL ≈ 0

Calculate averages
⟨Q̂i⟩ = Tr{Q̂iρ(t)}
for:

Dipole operators:
Q̂1 = x̂ or Q̂1 = ŷ

Quadrupole:
Q̂2 = ŷx− ⟨ŷ⟩⟨x̂⟩

Monopole:
Q̂0 =
x̂2 + ŷ2 − ⟨x̂⟩2 − ⟨ŷ⟩2

Rotational mode:

Qj = 1
l2ωc
⟨i(r× ṙ)·ẑ⟩



Real-time excitation → red-shift of modes
pq = 4, Ne = 2, Q1, Q2, Qj , Q0, PRB 108, 115306 (2023)
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What is missing? → where are we heading

■ No explicit photons

■ Need Rabi resonances

■ Need higher order photon
processes

■ QEDFT → QED-DFT-TP∗

■ Basis states:
|α,θ, σ, n⟩ = |α,θ, σ⟩ ⊗ |n⟩

■ Designed cavity modes

Quantized FIR-cavity field interacting with the electron current-
and charge density from DFT

∗(J. Malave et al., J. of Chem. Phys. 157, 194106 (2022))



Photon content ↔ Rabi resonances

The projection of the energy spectra on one      variable
only a part of the spectra shown

The first photon replica of the lowest
state is narrow at g  = 0.01, but at
g  = 0.10 it has changed into a broad
band that "interactcs" with a band just
above the chemical potential and 
creates a kind of a splitting with an
exchange of photon content, but now 
in two-dimensions in 



Rabi-resonances → variable anticrossing
over the whole Brillouin zone



Summary

■ Exact diagonalization
↔ small systems

■ Open systems ↔ transport,
high-order single-mode QED

■ Large 2DEG ↔ QEDFT
(GGA), many γ-modes

■ e-γ influence on
magnetization, total energy

■ Real-time excitations ↔
red-shift of collective
oscillations

■ QED-DFT-TP

■ Andrei Manolescu (RU)

■ Valeriu Moldoveanu (NIMP)

■ Nzar Rauf Abdullah (US)

■ Chi-Shung Tang (NUU)

■ Vram Mughnetsyan (YSU)

■ Hsi-Sheng Goan (NTU)

■ Jeng-Da Chai (NTU)

Icelandic Infrastructure Fund,
ihpc.is, UI, RU, RCP, MOST
Taiwan, ASCS



Appendix QED

H =
∫
dr ψ†(r)

{
π2

2m∗ + V (r)
}
ψ(r)

+HEM +HCoul +HZ

+1
c

∫
dr j(r) ·Aγ + e2

2m∗c2

∫
dr ne(r)A2

γ

j = − e

2m∗

{
ψ†πψ + π∗ψ†ψ

}
, ne = ψ†ψ

with
π =

(
p + e

c
Aext

)
, Aext = B

2 (−y, x)

Aγ : the cavity vector field
( back )



Appendix DFT - LSDA

ne = n↑ + n↓, ζ = (n↑ − n↓)/ne, ν(r) = 2πl2ne(r)

ϵBxc(ν, ζ) = ϵ∞xc(ν)e−f(ν) + ϵ0xc(ν, ζ)(1− e−f(ν))

f(ν) = (3ν/2) + 7ν4, ϵ∞xc(ν) = −0.782
√
νe2/(κl)

ϵ0xc(ν, ζ) = ϵxc(ν, 0) + f i(ζ) [ϵxc(ν, 1)− ϵxc(ν, 0)]

ϵxc(ν, ζ) = ϵx(ν, ζ) + ϵc(ν, ζ), with ϵx(ν, 0) = −[4/(3π)]
√
νe2/(kl), and

ϵx(ν, 1) = −[4/(3π)]
√

2νe2/(kl)

f i(ζ) = (1 + ζ)3/2 + (1− ζ)3/2 − 2
23/2 − 2



ϵc(ν, ζ) = a0
1 + a1x

1 + a1x+ a2x2 + a3x3Ry
∗

x = √rs = (2/ν)1/4(l/a∗
B)1/2

Vxc,↑ = ∂

∂ν
(νϵxc) + (1− ζ) ∂

∂ζ
ϵxc

Vxc,↓ = ∂

∂ν
(νϵxc)− (1 + ζ) ∂

∂ζ
ϵxc

B. Tanatar and D. M. Ceperley, Phys. Rev. B 39, 5005 (1989)
U. von Barth and L. Hedin, J. Phys. C 5, 1629 (1972)
J. P. Perdew and A. Zunger, Phys. Rev. B 23, 5048 (1981)
M. I. Lubin, O. Heinonen, and M. D. Johnson, Phys. Rev. B 56, 10373 (1997)
V. Gudmundsson, C.-S. Tang, and A. Manolescu, Phys. Rev. B 68, 165343 (2003)
M. Koskinen, M. Manninen, and S. M. Reimann, Phys. Rev. Lett. 79, 1389 (1997)

( back )



Appendix AC-FDT

J. Flick PRL 129, 143201 (2022), Dipole approximation:

Ĥint =
Np∑

α=1

1
2

{
(λα · R)2 − ωαq̂αλα · R

}
, q̂α =

√
1

2ωα

(
â†

α + âα

)

R = e

∫
dr r ne(r), λα = 4πS(kα · R)êα

U =
1
2

∫ ∫
drdr′

[
e2

4πϵ

1
|r − r′|

+
Np∑

α=1

(λα · r)(λα · r′)

]
n(r)n(r′)

+
1
2

Np∑
α=1

∫
dr(λα · r)2n(r)



E
(1)
c =

1
2π

∫ 1

0
dγ

∫
dr

Np∑
α=1

ωα(λα · r)
∫

dω
[
χqα

n,γ(r, iω) − χqα
n,0(r, iω)

]

E
(2)
c = −

1
2π

∫ 1

0
dγ

∫
dr

[
e2

4πϵ

1
|r − r′|

+
Np∑

α=1

(λα · r)(λα · r′)

]

×
∫

dω
[
χn

n,γ(r, iω) − χn
n,0(r, iω)

]
· · ·

αµ,ν(iω) = 2
∑

ia

(ϵa − ϵe)⟨ϕa|rµ|ϕi⟩⟨ϕi|rν |ϕa⟩
(ϵa − ϵi)2 + ω2

−→ α(iω) = 1
4π

∫
dr

ωp(r)
ω2

p(r)/3 + ω2
g(r) + ω2

(compare to G. Mahan, chapter 4 for the last step)
( back )




