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76 Chapter 4 Crystal Lattices ;

SOME IMPORTANT EXAMPLES OF CRYSTAL STRUCTURES AND

LATTICES WITH BASES : .

Diamond Structure

The diamond lattice'® (formed by the carbon atoms in a diamond crystal) consists of
two interpenetrating face-centered cubic Bravais lattices, displaced along the body
diagonal of the cubic cell by one quarter the length of the diagonal. It can be regarded
as a face-centered cubic lattice with the two-point basis 0 and (a/4)(X + ¥ -+.%). The
coordination number is 4 (Figure 4.18). The diamond lattice is not a Bravais lattice,

Figure 4.18

Conventional cubic cell of the diamond lattice.
For clarity, sites corresponding to one of the
two interpenetrating face-centered cubic lattices
are unshaded. (In the zincblende structure the
shaded sites are occupied by one kind of ion,
and the unshaded by another.) Nearest-neighbor
_ bonds have been drawn in. The four nearest
% neighbors of each point form the vertices of a

regular tetrahedron,

R

Ao o
R+T+2
_I(\ ¥+

Atk R

¥y

because the environment of any point differs in orientation from the environments
of its nearest neighbors. Elements crystallizing in the diamond structure are given

in Table 4.3.

Table 4.3

ELEMENTS WITH THE DIAMOND CRYSTAL
STRUCTURE

LM CUBE SIDE a (A)
C (diamond) 3.57

Si 543

Ge 5.66
a-Sn (grey) 6.49

Hexagonal Close-Packed Structure

Though not a Bravais lattice, the hexagonal close-packed (hep) structure ranks in
importance with the body-centered cubic and face-centered cubic Bravais lattices;
about 30 elements crystallize in the hexagonal close-packed form (Table 4.4).

* We use the word “lattice,” without qualifications, to refer either to a Bravais lattice or a lattice
with a basis.

B L —

Ers -
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Table 4.4
ELEMENTS WITH THE HEXAGONAL CLOSE-PACKED CRYSTAL
STRUCTURE

ELEMENT  a (A) ¢ cla ELEMENT a(A) c cla
Be 2.29 3.58 1.56 Os 2.74 4.32 1.58
Cd 2.98 5.62 1.89 Pr 3.67 5:92 1.61
Ce 3.65 5.96 1.63 Re 2.76 4.46 1:62
a-Co 2.51 4.07 1.62 Ru 2.70 4.28 1.59
Dy 3.59 5.65 1.57 Sc 3.31 529, 1.59
Er 3.56 5.59 1.57 Th 3.60 5.69 1.58
Gd 3.64 5.78 1.59 Ti 295 4.69 1.59
“‘f 2K) 357 5.83 1.63 Ti 3.46 553 1.60
HI 3.20 5.06 1.58 Tm 3.54 5.55 1.57
Ho A58 5.62 1.57 Y 3.65 573 1.57
La 3.75 6.07 1.62 Zn 2.66 495 1.86
Lu 3.50 5.55 1.59 Zr 323 5.15 1.59
Mg 320 s s = —

Nd 3.66 5.90 1.61 “Ideal™ 1.63

Unfh:rlyipg the hepstructure is a simple hexagonal Bravais lattice, given by stacking
l}vo-dlmcnslona! triangular nets'* directly above cach other (Figure 4.19). The direc-
tion of stacking (a3, below) is known as the ¢-ax . Three primitive vectors are

a; = cz. 4.9)

The first two generate a triangular lattice in the x-) plane, and the third stacks the
planes a distance ¢ above one another.

The hexagonal close-packed structure consists of {wo interpenetrating simple hex-
agonal Bravais lattices, displaced from one another by a,/3 + a:/3 + a3/2 (Figure
4.20). The name reflects the fact that close-packed hard spheres can be arranged in

~)

<)

L= lad=g

Figure 4.19
The simple hexagonal Bravais lattice. Two-dimensional triangular nets (shown in inset) are
stacked directly above one another, a distance ¢ apart.
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Figure 4.20

The hexagonal close-packed crystal structure. It can
be viewed as two interpenetrating simple hexagonal
Bravais lattices, displaced vertically by a distance ¢/2
along the common c-axis, and displaced horizontally
so that the points of one lie directly above the centers
of the triangles formed by the points of the other.

such a structure. Consider stacking cannonballs (Figure 4.21), starting with a close-
packed triangular lattice as the first layer. The next layer is formed by placing a ball
in the depressions left in the center of every other triangle in the first layer, thereby
forming a second triangular layer, shifted with respect to the first. The third layer is
formed by placing balls in alternate depressions in the second layer, so that they lie
directly over the balls in the first layer. The fourth layer lies directly over the second,
and so on. The resulting lattice is hexagonal close-packed with the particular value

(see Problem 5):
c = \/g a = 1.63299a. (4.10)

Figure 4.21
View [rom above of the first two layers in a stack
of cannonballs, The first layer is arranged in a
plane triangular lattice. Balls in the second layer
are placed above alternate inte s in the first.
I balls in the third layer are placed directly
above those in the first. at sites of the type
shown in inset (a), balls in the fourth dircetly
above those in the second, ete., the resulting
structure will be close-packed hexagonal. If,
however, balls in the third layer are placed
directly above those interstices in the first that
were /ior covered by balls in the second, at sites
. of the type shown in inset (b). balls in the fourth
layer placed directly above those in the first,
balls in the fifth directly above those in the
second, ete., the resulting structure will be face-
centered cubic (with the body diagonal of the
cube oriented vertically.)

Because, however, the symmetry of the hexagonal close-packed lattice is independent
of the ¢/a ratio, the name is not restricted to this case. The value ¢/fa = \/8_/3 is
sometimes called “ideal,” and the truly close-packed structure, with the ideal value
of ¢/a, is known as an ideal hep structure. Unless, however, the physical units in the
hep structure are actually close-packed spheres, there is no reason why c/a should
be ideal (see Table 4.4).

2z
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The Sodium Chloride Structure

We are forced to describe the hexagonal close-packed and diamond lattices as lattices
with bases by the intrinsic geometrical arrangement of the lattice points. A lattice
with a basis is also necessary, however, in describing crystal structures in which the
atoms or ions are located only at the points of a Bravais lattice, but in which the crystal
structure nevertheless lacks the full translational symmetry of the Bravais lattice
because more than one kind of atom or ion is present. For example, sodium chloride
(Figure 4.24) consists of equal numbers of sodium and chlorine ions placed at alternate
points of a simple cubic lattice, in such a way that each ion has six of the other kind
of ions as its nearest neighbors.!” This structure can be described as a face-centered
cubic Bravais lattice with a basis consisting of a sodium ion at 0 and a chlorine ion
at the center of the conventional cubic cell, (a/2)(% + ¥+ 7).

Figure 4,24

The sodium chloride structure, One type of ion is repre-
sented by black balls, the other type by white. The black
and white balls form interpenetrating fec lattices.

Table 4.5
SOME COMPOUNDS WITH THE SODIUM CHLORIDE STRUCTURE

CRYSTAL @ (A) CRYSTAL a(A) CRYSTAL  a(A)
LiF 4.02 RbF 5.64 Ca$S 5.69
LiCl 5.13 RbCl1 0.58 CaSe 591
LiBr 5.50 RbBr 0.85 CaTe 6.34
Lil 6.00 Rbl 7.34 SrO 5.16
NaF 4.62 CsF 6.01 SiS 6.02
NaCl 5.64 AgF 492 SrSe 6.23
NaBr 5.97 AgCl 5.55 SrTe 6.47
Nal 6.47 AgBr 5.77 BaO 5.52
KF 5.35 MgO 421 BaS 6.39
KCl 6.29 MgS 5.20 BaSe 6.60
KBr 6.60 MgSe 545 BaTe 6.99

KI 7.07 Ca0 4.81

The Cesium Chloride Structure

Simi[_arly: cesium chloride (Figure 4.25) consists of equal numbers of cesium and
chlorine ions, placed at the points of a body-centered cubic lattice so that each jon

' For examples see Table 4.5,

i
{
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has eight of the other kind as its nearest neighbors.'® The translational symmetry
of this structure is that of the simple cubic Bravais lattice, and it is described as a
simple cubic lattice with a basis consisting of a cesium ion at the origin 0 and a chlorine
ion at the cube center (a/2)(X + ¥ + Z).

Figure 4.25

The cesium chloride structure. One type of ion is repre-
sented by black balls, the other type by white. The black
and white balls form interpenetrating simple cubic lattices.

~ ¥
Table 4.6
SOME COMPOUNDS WITH THE CESIUM CHLORIDE
STRUCTURE :
CRYSTAL a(A) CRYSTAL a(A)
CsCl 4.12 TIC 3.83
CsBr 4.29 TIBr 397
Csl 4.57 TH 4.20
The Zincblende Structure
Zincblende has equal numbers of zine und sulfur ions distributed ona diamond lattice
so that each has four of the opposite kind as nearest neighbors (Figure 4.18). This
structure'® is an’example of a lattice with a basis, which must be so described both
because of the geometrical position of the ions and because two types of ions occur.
Table 4.7
~—~ SOME COMPOUNDS WITH THE ZINCBLENDE STRUCTURE
CRYSTAL a(A) CRYSTAL a(A) crystAL  a(A)
CuF 426 ZnS 5.41 AlSb 6.13
CuCl 5.41 ZnSe 5.67 GaP 5.45
CuBr 5.69 ZnTe 6.09 GaAs 5.65
Cul 6.04 CdS 582 GaSb 6.12
Agl 6.47 CdTe 6.48 InP 5.87
BeS 4.85 HgS 5.85 InAs 6.04
BeSe 5.07 HgSe 6.08 InSb 6.48
BeTe 5.54 HgTe 6.43 SiC 4.35
MnS (red) 5.60 AlP 545
MnSe 5.82 AlAs 5.62

® - For examples see Table 4.6,
1 For examples see Table 4.7,
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Lattice Planes 89

simple hexagonal lattice with lattice constants 2z/c and 4z/./3a (Figure 5.1b), rotated
through 30° about the c-axis with respect to the direct lattice.*

VOLUME OF THE RECIPROCAL LATTICE PRIMITIVE CELL

If v is the volume® of a primitive cell in the direct lattice, then the primitive cell of the
reciprocal lattice has a volume (27)%/v. This is proved in Problem 1.
R e
e
FIRST BRILLOUIN ZONE

The Wigner-Seitz primitive cell (page_73) of the reciprocal lattice is known as the
first Brillonin_zone, As the name suggests, one also defines higher Brillouin zoncs,
which are primitive cells of a different type that arise in the theory of electronic levels
in a periodic potential. They are described in Chapter 9.

Although the terms “Wigner-Seitz cell” and “first Brillouin zone” refer to identical
geometrical constructions, in practice the latter term is applied only to the k-space
cell. In particular, when reference is made to the first Brillouin zone of a particular
r-space Bravais lattice (associated with a particular crystal structure), what is always
meant is the Wigner-Seitz cell of the associated reciprocal lattice. Thus, because the
reciprocal of the body-centered cubic lattice is face-centered cubic, the first Brillouin
zone of the bee lattice (Figure 5.2a) is just the fec Wigner-Seitz cell (Figure 4.16).
Conversely, the first Brillouin zone of the fec lattice (Figure 5.2b) is just the bec Wigner-
Seitz cell (Figure 4.15).

Figure 5.2

(a) The first Brillouin zone for
the body-centered cubic lattice.
(b) The first Brillouin zone for
the face-centered cubic lattice,

(a) (b

LATTICE PLANES

There is an intimate relation between vectors in the reciprocal lattice and planes of
points in the direct lattice. This relation is of some importance in understanding the
fundamental role the reciprocal lattice plays in the theory of diffraction, and will be
applied to that problem in the next chapter. Here we shall describe the relation in
general geometrical terms.

*  The hexagonal close-packed structure is not a Bravais lattice, and therefore the reciprocal lattice
used in the analysis of hep solids is that of the simple hexagonal lattice (see footnote 1).
* The primitive cell volume is independent of the choice of cell, as proved in Chapter 4.
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